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ABSTRACT

A fractional-step splitting scheme breaks the full Navier-Stokes equations
into explicit and implicit portions amenable to the calculus of variations.
Beginning with the functional forms of the Poisson and Helmholtz equations, we
substitute finite expansion series for the dependent variables and derive the
matrix equations for the unknown expansion coefficients. This method employs a
new splitting scheme which differs from conventional three-step (non-linear,
pressure, viscous) schemes. The non-linear step appears in the conventional,
explicit manner, the difference occurs in the pressure step. Instead of solving for
the pressure gradient using the non-linear velocity, we add the viscous portion of
the Navier-Stokes equation from the previous time step to the velocity before
solving for the pressure gradient. By combining this "predicted" pressure
gradient with the non-linear velocity in an explicit term, and the Crank-
Nicholson method for the viscous terms, we develop a Helmholtz equation for the

final velocity.

LIST OF SYMBOLS
a = value of non-homogeneous essential boundary condition
g = value of non-homogeneous natural boundary condition
A = cross-sectional area
dA = differential surface area vector

B = 23/12, coefficient used in Adams-Bashforth method



B; =—16/12, coefficient used in Adams-Bashforth method

B, = 5/12, coefficient used in Adams-Bashforth method

Bif: = coefficients

(Cs;)5bc = coefficients

D, = Legendre collocation derivative of order n

Dj; = derivative of expansion polynomial j evaluated at node i
€x, €y, € = unit vectors in the direction of the co-ordinate axes
f = body force vector

E = total number of elements

M = moment vector

F = —A2V™*! also represents a force vector

- J[P] = a functional depending on P

L = periodic length of domain

L? = square-integrable function

Lx(x) = Legendre polynomial

it, jt, kt = the maximum number of nodes in the 1, s, t directions
respectively

I = a system of interpolating polynomials of order n

IP¢ = surface integral for side number p and element number €
§¢ = total surface integral for element number e

[3] = Jacobian matrix for the transformation between co-ordinate systems
n = surface unit normal vector

8 = surface unit tangent vector

R = position vector

p = pressure



pi(x) = infinite sequence of orthogonal functions

p(x), q(x), w(x) = functions in Sturm-Liouville equation
P =p/p + iV-V, dynamic pressure

P, = a system of orthogonal polynomials of degree n

S = an infinite system of orthogonal polynomials

t = time

at = time-step size

t(n) = force per unit area on a surface with unit normal n

{i; = discrete expansion coefficient for the infinite series

ii; = discrete expansion coefficient for the finite series
V = velocity vector

V = velocity after the nonlinear step

V = velocity after the explicit viscous step

V = velocity after the pressure step

V = corrected velocity after the explicit viscous step

Vout = average outflow velocity correction

U, V, W = x, y, z velocities respectively

w; = weight function, integral of the expansion polynomial over domain

X, ¥, z = coordinates in global or physical space

x; = partial derivative of the global co-ordinate x with respect to the local
co-ordinate r

1, s, t = coordinates in local or transformed space

rx = partial derivative of the local co-ordinate r with respect to the global
co-ordinate x

Greek and other Symbols



a = constant in homogeneous boundary condition

B = constant in homogeneous boundary condition

v = coefficient in expansion polynomial relationships
6 = differential of a quantity

6i; = Kronecker delta

¥i(x) = a combination of Legendre polynomials

¢ = infinitesimal quantity

€ijx = alternating tensor

) = domain under consideration

dQ = boundary of domain under consideration

0 = Quin
§= v
A2= 2/(vat)

A = eigenvalue in Sturm-Liouville equation

A = matrix of coefficients representing A in the expression Ax=b
Il = matrix of coefficients representing b in the expression Ax=b
p = fluid density

g = stress tensor

o = element surface area

oij =1i, j component of the stress tensor

X = moment arm

Y = element volume

p = fluid viscosity

v = fluid kinematic viscosity

(= (xex + (yey + (z€,, vorticity vector



Subscripts

o = initial value

o = freestream value

e = element number

n = direction normal to the surface

s = direction tangential to the surface

jjx = co—ordinate system indices

in = value at inlet

out = value at outlet

wall = value at wall

xy»z = Streamwise, vertical, and spanwise values respectively, may also

refer to partial derivatives with respect to the global co-ordinates x,y, z
Superscripts |

n = time step number

' e = element number
1,2,3,4,5,6 = element side numbers
INTRODUCTION

The new splitting scheme, developed by Wessel (1992), contains variations
on the original three-step splitting method proposed by Korczak and Patera
(1986). In the previous scheme, the non-inear, pressure, and viscous terms in the
incompressible Navier-Stokes equations appear in separate fractional steps. By
introducing intermediate velocities, solutions of these equations yield,
consecutively, a velocity field based on the non-inear, the pressure and non-
linear, a.nd'the viscous, pressure, and non-linear terms. The final step producing

the true velocity field.



The velocity field resulting from the non-linear step satisfies no boundary
conditions nor the incompressibility constraint. This velocity field supplies the
forcing function for the Poisson equation for pressure after applying the

divergence operator to the pressure step. The intermediate velocity contained in

" the pressure step must satisfy the divergence free constraint, thus it vanishes

from the Poisson equation for pressure. Instead of solving a second-order Poisson
equation for pressure, a first-order equation for pressure gradient is solved using
methods from the calculus of variations—the velocity field follows directly from
the pressure step. Inviscid boundary conditions on velocity determine the
pressure boundary conditions; hence, errors of O(at) occur near solid boundaries.
Finally, the viscous step employs a Crank-Nicholson scheme yielding 2 Helmholtz
equation with a forcing function determined by the velocity after the pressure
step. Once again a variational form of the governing second-order differential
equation reduces the order by one. The velocity must satisfy the full, viscous
bouﬁda.ry conditions; however, it does not satisfy the incompressibility
constraint.

The new method varies slightly from the old. Instead of solving for the
pressure gradient using the noninear velocity, we include the viscous term from
the previous time step. Thus, the forcing function appearing in the Poisson
equation for pressure contains contributions frqm both non-linear and viscous
terms. The resulting pressure gradient is not solved for the velocity after the
pressure step; instead, it, along with the velocity from the non-linear step, and a
Crank-Nicholson method for the viscous terms, produce a Helmholtz equation for
the full velocity. The boundary conditions and solution procedure remain

identical to the original method. The boon comes from including the viscous



terms in the pressure gradient prediction, resulting in a quicker solution of the

pressure step.



CHAPTER1
SPECTRAL APPROXTMATION
-1.1 Spectral Theory

The expansion of a function u in terms of an infinite sequence of
orthogonal functions {pi}, u = E}-m @p;, underlies many numerical methods
of approximation. The most familiar approximation results apply to periodic
functions expanded in Fourier series. In this case, the i-th coefficient of the
expansion decays faster than any inverse power of i for smooth functions with
periodic derivatives. The rapid decay of the coefficients implies that the Fourier
series truncated after a few terms represents a good approximation to the
function. This characteristic refers to the "spectral accuracy" of the Fourier
method.

| Spectral accuracy for smooth b‘;lt non-periodic functions occurs with the
proper choice of expansion functions. Not all orthogonal expansion functions
provide high accuracy; however, the eigenfunctions of a singular Sturm-Liouville
operator allow spectral accuracy in the expansion of any smooth function, with
no a priori restriction on the boundary behavior.

The expansion in terms of an orthogonal system introduces a linear
transformation between u and the sequence of its expansion coefficients {1},
called the finite transform of u between physical space and spectral space. Since
the expansion coefficients depend on all the values of u in physical space, they
rarely get computed exactly; instead, a finite number of approximate expansion
coefficients result from using the values of u at a finite number of selected
points—the nodes. This procedure defines a discrete transform between the set of

values of u at the nodes and the set of approximate, or discrete coefficients.



With a proper choice of nodes and expansion functions, the finite series defined
by the discrete transform represents the interpolation of u at the nodes.
Maintaining spectral accuracy when replacing the finite transform with the
discrete transform allows use of the interpolation series instead of the truncated
series in approximating functions.
1.2 Sturm-Liouville Problems
The importance of Sturm-Liouville problems for spectral methods lies in the

fact that the spectral approximation of the solution of a differential problem
often occurs as a finite expansion of eigenfunctions of a suitable Sturm-Liouville
problem. The general form of the Sturm-Liouville problem satisfies

—%x(p%) 4+ qu = Awu in Q€ (-1,1). (1.2.1)
The real-valued functions, p(x), q(x), and w(x), must behave properly: p(x)
must be continuously differentiable, strictly positive in (—1,1) and continuous at
x=#1; q(x) must be continuous, non-negative and bounded in (-1,1); the
weiéht function w(x) must be continuous, non-negative and integrable over
(-1,1). The Sturm-Liouville problems of interest in spectral methods allow the
expansion of an infinitely smooth function in terms of their eigenfunctions while
guaranteeing spectral accuracy.
1.3 Orthogonal Systems of Polynomials

Consider the expansion of a function in terms of a system of orthogonal

polynomials of degree less than or equal to n, denoted by Pn. Assume
{Pk}x-0,1... Tepresents a system of algebraic polynomials (with degree of px=k)
mutually orthogonal over the interval (—1,1) with respect to a weight function

w(x). The orthogonality condition requires

f_ ka(x)Pm(x)W(X)dx =0 whenever m# k. (1.3.2)



The formal series of a square-integrable function, ueL?(—1,1){, in terms of the
system {px} appears as

®
Su = kl_loﬁkpk(x), (1.3.3)

when the expansion coefficients Gy satisfy

i = ooy, u(x)p(x)w(x)dx (13.4)
For an integer n>0, the truncated series of u of order n appears as
Pou = k)iioﬁkpk(x). (1.3.5)
1.4 Gauss-Lobatto Quadratures and Discrete Polynomial Transforms
Expanding any u(x)eL?(—1,1) in terms of the coefficients dx, called the
continuous ezpansion, depends on the known function u(x). With u(x) is not
known a priori, a discrete expansion for u(x)—which depends on the values at the
nodes—must suffice.
A close relation exists between orthogonal polynomials and Gauss-Lobatto
integration formulas on the interval [-1,1]. Let xo,...,xn equal the roots of the
(n+1)—th orthogonal polynomial pn., andlet wo,...,wn equal the solution of

the linear system given by
1
.Eo(xj)kwj- = f 1x“w(x)dx 0<k<n, (1.4.1)
i= -
where w(x) equals the weight function associated with the Sturm-Liouville

problem, w;>0 for j=0,...,n, and

n 1
Zpx)wj = S pxw(x)dx, (1.4.2)
hold for all p€Pan.;. The positive numbers w; are called "weights" (see Canuto

et. al.(1988) for proof). This version of Gauss integration produces roots,

Identifying the function u(x) as "square integrable" on the given domain
requires [lu(x)}2dx < w.
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corresponding to the collocation points, which appear in the interior of (—1,1).
Since boundary conditions require one or both end points, a generalized Gauss
integration formula must include these points.

The Gauss-Lobatto formula considers

q(x) = Pas(x) + apa(x) + bpa-i(x), (1.4.3)
with a and b chosen so that gq(—1)=q(1)=0. For a given weight function
w(x) and corresponding sequence of orthogonal polynomials px, k=0, 1, 2,..
we denote by Xg,...,xn the nodes of the n+1 point integration formula of
Gauss-Lobatto type, and by wy,...,wn the corresponding weights.

In a collocation method the fundamental representation of a smooth
function u on (—1,1) appear in terms of its values at the discrete Gauss-
Lobatto points. Approximate derivatives of the function occur by analytic
derivatives of the interpolating polynonﬁal. The interpolating polynomial,
denoted by Inu, belongs in the set P, and satisfies

' Lu(x;) = u(x;) 0<j¢m (1.4.4)
Since (1.4.4) represents a polynomial of degree mn, it admits an expression given
by

n
Inu = kI=3°1"11‘pk(x). (1.4.5)
Since the interpolating polynomial must satisfy the function exactly at the nodes,

we get

n
u(x;) = k!joﬁkpk(xj-), (1.4.6)
where @i, equal the discrete polynomial or ezpansion coefficients of u. The

inverse relationship satisfies

T} i)

~ 1
iy = T i u(Xj)pk(Xj)Wj, (1.4.7)
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where the coefficients 1 equal

N= ji::o pt (x;)w;. (1.4.8)
Equations (1.4.6) and (1.4.7) enabling transforms between physical space
{u(x;)} and spectral space {iix} are called the discrete polynomial transforms
associated with thé weights wo,...,wn and the nodes xq,...,Xn.
1.5 Legendre Polynomials
A collection of the essential features of Legendre polynomials appears
below. The Legendre polynomials {Lx(x), k =0, 1,...,} equal the eigenfunctions
of the singular Sturm-Liouville problem given by
d{1x)%La(x)] + k(k + 1)Li(x) = 0, (1.5.1)
which equals (1.1.1) with p(x)=1-x? q(x)=0 and w(x)=1. By normalizing
Ly(x) so that Ly(1)=1, the Legendre polynomials satisfy
Li(x) = gigy g;k (x? = 1)k (1.5.2)
and represent the solution to (1.5.1) with boundary conditions (1.5.5). These

polynomials also satisfy the recurrence relation, expressed as

Liu(x) = 2T xlax) - o L), (153)
where Lo(x)=1 and Ly(x)=x, |
|Li(x)] €1, =1¢x¢<1, (1.5.4)
Li(21) = (1)¥, (1.5.5)
IL/k(x)| ¢ gh(k +1), -1¢x<1, (1.5.6)
L/x(+1) = (21)* gk(k + 1), (1.5.7)
and I 1 Li(x)dx = (k + 3, (L5.8)

along with the property that Ly(x) is evenif k is even, and odd if k is odd.

The continuous expansion of any u€L*—1,1) in terms of the Legendre

12



polynomials appears as
u(x) = % fulu(x). | (1.5.9)
Multiplying both sides by Lj(x) and integrating from x=—1 to x=1, gives
f.iu(x)Lj(x)dx= éo f_iﬁij(x)Lk(x)dx, (1.5.10)
where w(x)=1 according to (1.3.2). Using the orthogonal properties of the
Legendre polynomials and (1.5.8) gives

. . 1yt |
=0+ E)ﬂlu(X)Lj(X)dX. (1.5.11)
The Legendre polynomials may appear directly as the expansion functions of

(1.5.9) or as a combination of Legendre polynomials which satisfy

¥i(xs) = 4, (1.5.12)
where 9¥(x) equals
2
40 = T £ R e 08

This later form allows simpler implementation. The nodes {x;}, j=1,...,0—1,
equal the zeros of (aliLn(x), with xo=-1, and xp=1. The quadrature weights,
shown in (1.4.2), satisfy

n 1
(o dilx)we = f.l ¥i(x)w(x)dx. (1.5.14)
Since the Legendre polynomials correspond to w(x)=1, and the expansion

polynomials satisfy the relation %;(xx)=0&;, (1.5.14) reduces to

n 1
k{)g bjwy = f-l ¥j(x)dx (1.5.15)

or

1
wi=[  ix)dx. (1.5.16)
Inserting the expression for the expansion polynomial, (1.5.13), gives after

integration

T 13



2 1 .
Wi = mm—)ﬂ y J&= 0,...,!1 (1517)

for the quadrature weights. The normalization factors 7y, introduced in (1.4.8)

for the general Sturm-Liouville problem, equal ‘
=(k+g)" for k<n (1.5.18)

and T = 2/n. (1.5.19)

for the specific polynomials given in (1.5.13).

1.6 Differentiation Using Legendre Polynomials

Differentiation may occur in either spectral space or physical space.
Differentiation in spectral space consists of computing the Legendre expansion of
the derivative of a function in terms of the Legendre expansion of the function

itself. For example, if u(x)=%k=o dxLx(x), %E can be represented as

@®
sdu _du_ kgo‘}ﬁ( o)Li(x), (1.6.1)
where
d . ® A
Eﬁuk = (21{ + 1) pngIlp, p+k odd. (162)

The proof of (1.6.2) begins with a relation between Legendre polynomials and
their derivatives:

(2k + 1)Li(x) = a-iLk.l(x) &Lk 4(x), k0. (1.6.3)
Substituting this expression for Lyx(x) into (1.6.1) gives

Hu(x) z Oy [dx @ Licu(x)

ggkﬂ‘-’fd Li1(x) (1.6.4)

which upon changing the limits of the summation gives

Hu(x) = E du]‘_‘_ dx d FLx(x)

®
-5 M%Lk(x). (1.6.5)

Combining both terms gives

14



%Eu(x) = él [g%k—'_l-%-‘z— g_kﬁ_k:iigi] %;Lk(x) (1.6.6)

where both the terms corresponding to k=0 and —1 vanishes since %Lo(x)=0
and %L-;(x)= 0.p This expression represents the derivative of u(x) in spectral
space.

In physical space, the derivative appears as
d d |
Ix(Su) = Lx) = k{:ouk&L"(x)' (1.6.7)
Equating (1.6.6) and (1.6.7), and recognizing that g;Lo(X)=0, gives
| _ S fdiig-y/dx _ dik.,/dx]d
B indl= 3 [fRelfe -Gl Gon6). (1es)
Since the Ly(x) equal the eigenfunctions of Sturm-Liouville problem, they, along
with their derivatives, form a linearly independent or orthogonal set. Therefore,
multiplying (1.6.8) by %J-(Lj(x) and integrating from —1 to 1 resultsin

. diigy/dx  dig,, /dx
o = Gl e Jox (1.6.9)

Evaluating (1.6.2) with n=k+1 gives

d 0t = (20— 1) _jnﬁp, p+n even; (1.6.10)
similarly, (1.6.2) evaluated using n=k—1 yields
d - s -
Tdns = (2n + 3) pgmzup, p+n even. (1.6.11)
Substituting (1.6.10) and (1.6.11) into (1.6.9) gives
® ®
i = p!jnﬁp - pgmzﬁp, p+n even, (1.6.12)

which reduces to i, = G, This completes the proof of (1.6.2). The two
derivative expressions given by (1.6.1) and (1.6.7) produce different results in

practice:

{For k=—1 we have dL.(x)/dx = c/(1—x2), where c equals a constant. Since

the boundary conditions are dLy(+1)/dx=(+1)¥k(k+1)/2 which equals zero for
k=—1, we see that the constant ¢ must equal zero.
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d (Pu) # Pole. (1.6.13)
The quantity on the left equals the Legendre Galerkin derivative. The error,
gi-(Pnu)—Pn-I%:—z decays spectrally for. infinitely smooth solutions. However, for
functions, u, with finite regularity (not infinitely periodic) this difference decays
at a slower rate than the truncation error for the derivative g_% - Pn-,%. Thus
%}—((Pnu) is asymptotically a worse approximation to g% than Pn-%% (see
Canuto et. al. (1988)). |
1.7 Legendre Derivatives at the Nodes
Approximate differentiation in physical space occur by differentiating the
interpolation Iou (as defined in (1.4.5)) and evaluating it at the nodes. This
resulting polynomial of degree n— 1, represented as
Dpu = g}(lnu), (1.7.1)
and called the Legendre collocation derivative of u relative to the chosen set of
nodes, differs from the Galerkin derivative %(Pnu) since the latter depends on
the (':ontinuous coefficients 4y and the former on the discrete coefficients fix.
One method for obtaining the collocation derivative, involves computing
the values (Dpu)(xi), (i = 0,...,n) from the values u(x;j), (j=0,...n), by
employing (1.4.7) for the discrete Legendre coefficients @;, and (1.6.2) for the

discrete derivative coefficients g—iﬁj, and computing (Dyu); from

n d -
(Dau)(x;) = k)goas(-(uk)'l/!k(xi). (1.7.2)
A preferred option involves the collocation derivative at the nodes through

matrix multiplication. It appears as

(Don)(xs) = 3 e S0l xex, (1.7.3)
for i=0,...,n. When'DikE%-i;bk(xi), (1.7.3) equals

16



(Dpu)(x;) = joﬁknik, for i = 0,...,n. (1.7.4)

Using (1.5.13) for x(x) gives

Ln X3 1 :
n{Xk) Xi—XK’ itk

Dy = i‘_ljf—l)ﬂ i=k=0. (1.7.5)

—(L%—l)—g, i:k:n_

0, otherwise.
1.8 Integration Using Legendre Polynomials
Integration in transform space consists of computing the integral of the
Legendre expansion of a function. If u(x)= 2;::0 ixyx(x), the integral over the

domain x€[-1,1] equals

fi u(x)dx s f 1 ki}o i u(x)dx. (1.8.1)

Assuming the series converges, integration and summation may change places,
giving .
[Humaxs B [ hilx)dx (18.2)
-1 ux ~ K20 ux - X . 8.
Using the integral of the expansion function according to (1.5.16) gives

1 n
f_l u(x)dx = k}=:0 fxwy. (1.8.3)
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CHAPTERII
SPECTRAL ELEMENT METHOD

2.1 Introduction

The spectral-element method, a variational procedure in which the
approximating functions depend on representing the given domain as a collection
of simple sub-domains, differs from both spectral methods and finite-element
methods in two ways: (1) pure spectral methods employ high degree
approximating functions with support defined over the entire domain, and (2)
finite-element methods use low degree approximating functions with compact
_support (i.e., a given element’s approximating functions differ from zero only
within the element). Spectral-element methods exploit the advantage of high
degree functions inherent in pure spectral methods, along with the flexibility
finite-element methods provide in representing complex domains. The sub-
domains, or finite elements, equal geometrically simple shapes that permit a
systematic construction of the approximating functions. These ecumenical
functions satisfy all boundary conditions and problem data by employing
concepts of orthogonal polynomials from Sturm-Liouville theory. On an
elemental basis, the dependent variables appear as a finite sequence of the
approximation functions with coefficients representing the dependent variables at
a finite number of preselected points (i.e., nodes, whose number and location
dictates the degree and form of the approximating functions).
2.2 Partitioning of Domain

One feature of the spectral-element method distinguishing it from the pure
spectral method allows representing the given domain by a collection of sub-

domains. A subsequent transformation maps each sub-domain from the physical
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(x,y,2) space to the local (r,s,t) space by an isoparametric mapping. The sub-
domains in local space equal simple geometries, such as cubes in three-
dimensional space. Two important features in typical geometries dictate this
mapping: first, the definition of the approximation functions from Sturm-
Liouville equations only apply to certain well-defined geometries; and second, an
arbitrary domain cannot accept a collection of simple domains without
introducing error. By defining the appr'oxima.ting functions element-wise, the
accuracy of the approximation improves by increasing either the number of
elements (i.e., refining the mesh) or the degree of the approximating functions.
In mathematical terms, the total domain Q=QUdQ splits into a finite
number, E, of subsets, (¢, called finite elements, such that: each e is closed
and non-empty; the boundary e of each . is Lipschitz-continuous (no
singularities, cusps, et cetera); the intersection of any two distinct elements 1s
empty, i.e., QeNly=e, e#f; and the union Q0 of all elements e equals the

total domain, given as

E
=3I (2.2.1)
e=1
We could not satisfy the last property without the mapping between physical and
local space.
2.3 Spectral-Element Interpolation

By allowing the possibility that each element represents the entire domain
with the general boundary conditions of the differential equation, the essential
boundary conditions equal the values of the independent variables at the nodes,
while the natural boundary conditions get subsumed into the variational form of
the equation over the element. After assembling the elements, the boundary

values on portions of the boundaries of elements sharing the boundary of the
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given domain are replaced by the actual specified values (imposition of boundary
conditions).

In the spectral-element method, the minimum degree of the a.lgebraic-
approximating functions depends on the order of the differential equation being
solved, and the degree of the polynomial in turn dictates the number of
interpolation points, called nodes, to be identified in the element.

The approximation functions, also called interpolation functions, depend on
interpolation of the function and possibly its derivatives at the nodes of the
element. The nodes placed along the boundary of the element uniquely define the
element geometry. Place any additional nodes required to define the
interpolation functions at other points, either in the interior or on the boundary.
The boundary nodes also enable the connection of adjacent elements by requiring
equality of the primary degrees of freedom (i.e., variables that appear in essential
boundary condition) at nodes shared by any two elements. Thus, we cannot
accurately represent discontinuous primary variables. Such problems arise in, for
example, the study of compressible flow where shock waves contain velocity
discontinuities. These functions make poor primary variables in the spectral-
element model unless we employ special procedures during assembly.

For each e, let P& denote the finite-dimensional spaces spanned by
linearly independent local interpolation functions {¥§}3-0 of the nodal points.

Over each element .C? the approximation I,u® of u® equals
ut~ Inu® =,§oﬁ?1/ﬁ(r), (2.3.1)
1: P
where the local expansion coefficients @i equal the values of u® at the

preselected nodes {r§} in the element .. As indicated in §1.5, the

interpolation functions satisfy
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¥i(rj) = &, (2.3.2)
where §;; is the Kronecker-delta function.
2.4 Connectivity (or Assembly) of Elements

As mentioned earlier, all elements contain boundary nodes defining their
geometry and allowing connection with their neighbors. The connectivity of
elements requires equal values of the primary variables in nodes common to
adjacent elements. Assembling the unique sub-domains into the entire domain, a
process known as direct stiffness, requires the identification of a universal or
global system of nodes, and a corresponding set of global expansion coefficients
for the primary variables. The resulting matrix expression relates the global
expansion coefficients to the parameters of the governing differential equation
and boundary conditions.

As indicated earlier, the primary variables, those associated with the
essential boundary conditions, appear as the global expansion coefficients of the
asse-mbled matrix relation. The secondary variables appear in the natural
boundary conditions. |
2.5 Isoparametric Formulation

Isoparametric schemes use the same interpolation functions to represent
both the co-ordinate mapping and the primary variables. Thus, the physical

space x maps into the local r co-ordinate system by

. v
x®  Inx® =.E°"?1,Vi(r), (2.5.1)
1=
when primary variables appear as
n
u® % Iyu® =_Eoﬁ?1jﬁ(r). (2.5.2)
1=

21



CHAPTER II
TIME-SPLITTING SCHEME FOR THE NAVIER-STOKES EQUATIONS
3.1 Governing Equations and Boundary Conditions
According to the formulation given below, the domain under consideration,
QcR® with boundary 4Q, may translate but not deform. The Navier-Stokes
equations on the closed domain, 0=0QudQ, consist of the constant density

continuity equation given by

V-V=0, (3.1.1)
and the corresponding momentum equation expressed as
g‘t—’+ (V-V)V=—%E+f+ NV. (3.1.2)
Introducing
VxVxV = (V-V)V + §7(V-V) (3.1.3)

into the momentum equation gives
%: vxva—V(%+ V-V) + £+ AWV, (3.1.4)
in which both V and p along with the body force, f, depend on both position
in the fluid and time. |
The physical boundary conditions for a given problem must allow us to
divide the entire boundary into regions associated with essential boundary
conditions (e.g., walls and inlets), natural boundary conditions (e.g., outlets and
free-streams), and periodicity boundary conditions. The numerical procedure
handles each of these regions separately.
The essential boundary conditions appear as
V = Vgan (3.1.5)

on solid wall boundaries, and

V=Vi (3.1.6)
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on inlet boundaries. The natural boundary condition at the outflow equals

(n-V) V=0, (3.1.7)
where n is the outward surface normal vector, and along the free stream
n-V = n-Vpoundary (3.1.8)
and
nx(g-n) =0, (3.1.9)

where o equals the local stress tensor. Equation (3.1.9) expresses the fact that
the stress at the free stream must lie entirely normal to the boundary. By
manipulating the pair of conditions (3.1.8) and (3.1.9) we can show that they
equal the homogeneous natural condition on velocity, (n-V)V=0, (see appendix
C). The boundary condition along periodic surfaces equals

V(x+L) = V(x), (3.1.10)
where L equals the relative position vector between the two periodic boundaries.
All of these conditions refer to velocity; pressure boundary conditions depend on
the éoverning equations. Finally, the initial conditions equal V(x,t=0)=V(x)
for xeQCR3.
3.2 Splitting Method

In the variational solution of time-dependent problems, we represent the

dependent variables in a finite dimensional vector space. The undetermined
coefficients depend on time, while the base functions depend on spatial co-
ordinates. This leads to a two-stage approximation, both of which could employ
variational methods. We choose to discretize the equations in space and iterate
in time, thus giving a spatial variational problem. Sucha procedure,commonly
known as a semi-discrete approzimation, tesults in a set of ordinary differential

equations in time.
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No variational form exists for the full momentum equation; therefore, we
split it into simple forms and apply variational techniques to each portion
individually. Employing the splitting scheme followed by Wessel (1992), we
introduce intermediate velocities, V, V, V, and V, which allows splitting of
the momentum equation into fractional steps. The scheme employs a "predictor-
corrector” approach whereby the predicted velocity at time step n+1, which
results from sequentially computing intermediate velocities based on the non-
linear terms, the viscous terms, and the pressure terms, determines the pressure
gradient. The corrected velocity depends on this predicted pressure gradient. A

brief explanation follows. The first, or non-linear, step appears as

___V“‘Alt‘ Ve VR PVE 4 L (3.2.1)
the second, or viscous, step equals
LARER el A (3:22)
and the third, or pressure, step includes
V“"A; Ve _v(%‘“‘+ VR YR = _ypa-L (3.2.3)

The velocity after the pressure step, V*! must satisfy the divergence-free
constraint. By applying the divergence operator to (3.2.3), a relationship
between pressure and V™*! ensues. The solution of this Poisson equation for
pressure determines the predicted pressure gradient. Using the previously
computed velocity after the non-linear step and this new pressure gradient, a new
velocity results after adding the explicit viscous term:

1 _ yn+
=V Pt v, (3.2.4)

We still must add another $1¥2V to the right-hand side to yield the full Navier-
Stokes equation. We use the Crank-Nicholson method by adding $42V™*! to
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the velocity V™*! giving an implicit viscous step appearing as

+1 /D +1
ve = Ve qRaven, | (3.2.5)

We benefit from this splitting scheme by representing the implicit viscous and
pressure steps in time-independent, elliptic form: the viscous step in the form of
Helmholtz’s equation, and the pressure step as Poisson’s equation. We exbress
both equations in variational form and §olve them by finding the extremum of
the corresponding functional. Some of the details of each of the five steps appear
below. The two steps containing the explicit viscous terms require no exposition.
3.3 Non-Linear Step

We solve the non-linear advective term explicitly using a three-step Adams-
Bashforth method given by (3.3.1)

vl e
at

This hyperbolic operator imposes stability conditions, in the form of a Courant-

= Bo(VxWxV + )7+ By(VxVxV + )74+ By(VxTxV + )2}

Friedrich-Lewy number, on the scheme. Neither boundary conditions nor
continuity constraints apply to V**.
3.4 Pressure Step

The velocity after the pressure step, V, must satisfy the zero divergence

constraint. Applying the divergence operator to (3.2.2) gives
D+l _ ynél
7. (V) = v (v, (3.4.1)
Since V does not satisfy the zero divergence constraint, (3.4.1) simplifies to
.ymet
LV v (3.4.2)
The boundary conditions on pressure depend on the governing equations.

1The three—step Adams—Bashforth coefficients equal Bo=23 /12, By=-16/12,
and B2=5/12.
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We obtain the pressure boundary conditions by taking the inner product of
{3.1.4) with the surface outward unit normal n and rearranging. This yields
2-VP = —0(0-V) + 1m-VIV 4+ £ + 0 (VaVxV). (3.4.3)
This expression represents the exact physical boundary condition on pressure
obtained from the governing differential equation. Unfortunately, we cannot use
this form since some of the terms on the right-hand side remain unknown.
Therefore, the numerical procedure uses a simplified form which neglects the
viscous term, the body force, and the non-linear term:
n.7P = - & (a-). (3.4.4)
When we discretize this equation in time by writing the time derivative of
velocity as (VP*'-V™)/at, we see that unknown terms still remain on the right-
hand side. By further approximating the time-derivative using intermediate
velocities we obtain
n-VP = —n- (V2 — V2 *)/at. (3.4.5)
It abpea.rs that we still do not know V™*! at this point; however, a careful
vetting of the various boundary conditions reveals otherwise. This mathematical
approximation to the physical boundary condition may be good or bad depending
on the characteristics of the flow as indicated below. Where essential boundary
conditions occur n-V™*! equals n-Vygan Or m-Vinlet, and (3.4.5) becomes
n-YP = —n-(Vyani = V **1)/at. (3.4.6)
This term differs from the true physical boundary condition at a solid surface (or
at the inlet if n-(VxVxV)=0) since it lacks both the viscous term, vn-V2V, and
the body-force term, n-f. For a flow with no -l‘)ody force, the approximate
boundary condition differs from the physical boundary condition by the viscous

term. In other words, the mathematical boundary condition equals the inviscid
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boundary condition along solid walls. Deville and Orszag (1980) showed that
this approximation introduces a time-splitting error 0(1) in n-V2V over a
layer of thickness O(yAtv). No error estimate exists at the outlet since even the
physical boundary conditions remain unknown.

Along the free-stream the viscous term remains negligibly small under most
circumstances;} while the advection term, n-(Vx¥xV), equals zero, since n
and VxVxV are perpendicular.}} Furthermore, when the body force is
perpendicular to the free-stream boundary—as in most flows—the body-force term
vanishes, and the simplified boundary condition equals the physical one.

Along exit boundaries where natural conditions get specified, the terms
neglected by the approximate pressure boundary condition do not vanish.
However, their influence remains confined to a region near the boundary, since
convection sweeps any induced errors out of the domain.

3.5 Viscous Step

The implicit viscous step appears as

1 The viscous term equals n-V2V. The velocity can be written in terms of a local
co-ordinate system where n equals the normal to the surface and s lies
tanegential to the surface. Hence V=V+Vyn, and n-V2V=

n-[(87Vs/ 952+ 82V / 9n?)s+(92V /9524 02Vn [0n?)n]. The first term is zero
because 8 and n remain perpendicular. The second term vanishes in most
common flows. For example, when a homogeneous body force or a body force
with a vanishing or zero gradient near the free-stream boundary (e.g., the
"Blasius" body force) forces the flow, the second derivatives of Vy, vanish
sufficiently far from disturbance generating structures. Likewise, when the free-
stream boundary represents a moving plate, as in Couette flow, 92V [ 0s?
usually equals zero, and 42V,/dn? again vanishes far away from the disturbance
generating structures.

1+ The boundary conditions specified along a free stream reduce to n-VV=0,
according to the results of appendix C. Thus, the gradient of velocity lies
parallel to the surface, or alternatively, the cross product of V and V lies
parallel to n (the zero normal velocity constraint requires V to lie in the plane
of the boundary). Therefore, the cross product of V and VxV lies in the plane
of the surface, or perpendicular to n. Whence n-(VxVxV)=0.
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This implicit equation remains unconditionally stable. Therefore, we could avoid

= J2VY (3.5.1)

unreasonable time step restrictions due to the high spatial resolution of spectral
approximations near the boundaries of elements save the other explicit steps.
The boundary conditions on the velocity after the viscous step, V24, equal the
physical boundary conditions given in §3.1. In formulating the viscous step, we
did not subsume the zero divergence condition into the expression for V=*.
Hence, V®*! does not satisfy the Navier-Stokes equations exactly. Normally,
this error does not dominate the solution since the velocity after the viscous step
nearly equalé the zero divergence velocity, V®*. Amon (1988) observed that
the divergence of V®*! remains a few orders-of-magnitude smaller than that of
V®*!. We transform (3.5.1) into Helmholtz’s equation by adding —V™*! to
both sides of (3.5.1) giving

— VOt = — VR atPaVEY (3.5.3)
Rearranging yields
v — 72‘4’ =— ;%Tvml, (3.5.4)
which appears as
V2 — A% = F, (3.5.5)

when ¢=V"*}, /\2=V—§f and F= —-A2V®*. Since ¢ depends on the velocity
satisfying the physical boundary conditions, the condition on ¢ associated with

essential boundary conditions equals

¢ = Vwan Of Vinlet. (3.5.6)
The exit, or natural, boundary condition equals
n-¥$ =0, (8.5.7)

which also satisfies the free-stream bound:;.ry conditions when the free-stream
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condition on velocity behaves according to the restrictions given in appendix C.
The periodic boundary conditions equal ¢(x+L)=¢(x), where L equals the

relative position vector between the two boundaries.
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CHAPTER IV
NON-LINEAR STEP
4.1 Introduction
The non-linear step, the only explicit part of the threestep time-splitting
scheme, introduces a time-step size stability restriction. Since only first-order
derivatives appear, no benefit accrues from casting the governing equation in
"weak" form; instead, we apply a collocation variational approach. (When the
governing equation has an equivalent "weak" form, we may multiply it by a
suitably differentiable test function, integrate over the appropriate domain, and
then integrate by parts. The resulting variational form contains derivatives of
lower order than the original equation.) In the collocation technique, the test
function equals the Dirac-delta function. Since this function has no derivative,
the resulting solution must contain as many derivatives as the order of the
governing differential equation. For this first-order equation, therefore, the
solution occupies the space of functions HY(Q).
4.2 Variational Form
The Adams-Bashforth three-step procedure applied to the non-linear

portion of the split Navier-Stokes equation appears in §3.3 and equals

Vo _yn = Boat(Vx¥xV + )P+ Biat(VxUxV + )21+ Baat(VxVxV + f)7-2

(4.2.1)

To transform this equation into variational form, we multiply by a test function,
¥eH(Q), and integrating over the entire domain, giving

J;[V“'l —V? — Boat(VaVxV + f)°— Biat(VxVxV + f)77— Baat(VxV=V +

H?ydv = 0. (4.2.2)

The collocation method uses ¥i=6(x—x;), where the x;’s equal the locations of
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the nodal points where the differential equation is satisfied exactly. Introducing

Pi=§x—x;) into (4.2.2) and integrating results in the discrete form of the

differential equation in terms of the unknown expansion coefficients Vijx and
Vi,-k. Products, such as Vx=VxV, also appear in terms of their coefficients at the

nodes. The result equals

Ve - VB = (4.2.3)
Boat(Vx¥a¥ + Dl + Biat(VaV=V + D22 + Baat(Va¥sV + 324

We explore the spatial discritization of the various quantities in the following
sections.
4.3 Spatial Discritization of Vorticity
Express the vorticity, VxV, in Cartesian co-ordinates as

VeV= (W Pes + (g - Fader + G- e, (431)
where the partial derivatives refer to the global co-ordinate system. We must
transform these derivatives from the global, or physical, co-ordinate system to

the local (r,s,t) system. According to appendix A, the partial derivatives

expressed in terms of the local co-ordinates equal

A A (4.3.22)
g; N At L (4.3.2b)
and A A A (4.3.2¢)

(The superscript e refers to the element number.) Introducing these expressions

into (4.3.1) gives (4.3.3)

1The time step number replaces the element superscript for convenience in
notation; remember, however, that whenever a subscript, such as i jk, represents
the node number in three dimensions a corresponding superscript should indicate
the element number under consideration.
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The three components of the vorticity equal
(s= r§-§¥e+ s}é_ﬂsj"_{_ t}g-wt—e— r§g¥e— s%v-s—e— t‘z’-gze, (4.3.42)

(om 80U 00 U (oW (IWS W

and (oo 0V IV gV U OO U

The x-vorticity evaluated at the local co-ordinate ri,sj,tx appears as

ie Ve Fre
(&)%ix = (ry)?jk'g'vr—vijk + (Sy)?jkg‘;—vijk + (ty)gjkgvty'ijk

e e e
- (fz)?jkg‘rlijk - (SZ)gjk'g%ijk - (tz)'ijkg%jk- (4.3.5)
The partial derivative with respect to the local co-ordinate, r, equals (see
appendix A)
) )e
Frik =2 Diabjbdke. (4.3.6)

Similar expressions exist for the s and t components. Substituting into (4.3.5)
gives (4.3.7)
(¢)%x = 2 [(ty)5xDiabibbic + (5y)§ik1aDjbbic + (ty)$ikb1abibDic] Wik
abc
- agc[(rz)?jkDiaﬁjbﬁxc + (82)%x8:aDjblke + (t2)%jkbiadibDic] VSik-
Expressing the other vorticity components this way gives an equation for the
vorticity vector at the local node (rs,sj,ty): (4.3.8)
G = I {|[(ry)%xDiadibic + (8y)5ikbiaDjblic + (ty)§ikbiabibDic] Wik
abc .
— [(r2)§jxDiadiblic + (52)§ixbiaDjbbie + (tz)?jkﬁiaﬁijkc]V?jk] ex
+ [[(rz)?jkDiaﬁjbﬁkc + (52)$jk61aDjblxc + (t2)$jxbiabdibDic] USik
— [(12)%xDiabjbéic + (5x)§jkbiaDjbdxc + (tx)?jkﬁiaﬁijkc]W?jk] ey
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+ [[(rx)i’jkDiaﬁjb&kc + (8x)%jxbiaDjbkc + (t2)$jx61a6jbDke] Viix
— [(ry)§jxDiabjblic + (5y)fjkbiaDjblke + (ty)€5k6ia5ijkc]ﬁ$jk] 94}
4.4 Spatial Discritization of Cross-Product of Velocity with Vorticity
The cross-product of the velocity with the vorticity appears as
Vx(= (V(~W(yex + (WiUl)ey + (Ul—Visles (441)
Using the discrete expressions for the velocity and vorticity gives
(V=Q)%x = a{-c{ (4.4.2)
[[[(rx)‘ijkDiaﬁjbﬁkc + (sx)$jx0iaDjblrc + (t2)%ixFiabibDrd V ik
— [(ry)§ixDiabiblic + (5y)§ixbiaDjvdxc + (ty)?jk5ia5ijkc]fJ?jk] Vsix
- [[(rz)?jkDia5jb5kc + (52)%jx:aDjbbkc + (£2)%jk61adibDic] USjk
— [(x)§jxDiabjbbic +/(Sx)$jk5iaDjb5kc + (tx)?jk51a5ijkc]W?jk] W?jk] ex
+ [[[(ry)?jkDiaéjb&c + (sy)§jk0iaDjbdkc + (ty)%ik81adipDrc] Wik
— [(12)%;xDiabjbbic + (52)%jkbiaDiblie + (tz)?jkﬁiaﬁijkc]V?jk] Wik
- [[(rx)?jkDiaﬁjb&c + (sx)§jk0iaDjblkc + (tx)%x81a05Dic V ik
— [(ry)§;xDPiabiblic + (5y)5ixbiaDiblkc + (ty)?jk&aﬁijkc]fJ?jk] ﬁ?jk] ey
+ [[[(rz)‘ijkDia5jb5kc + (Sz)?ji5iaDjb5kc + (tz)?jk6i_aﬁijkc]ﬁ?jk
— [(r2)$kDiabiblke + (sx)§ikbiaDibdxc + (tx)?jkﬁiatsijkc]W?jk] U4k
- [[(ry)‘ijkDia5jb5kc + (sy)%jkbiaDjbbre + (ty)?jkﬁiaﬁijkc]W‘ijk
— [(r2)%;xDiabjbbic + (52)jkbiaDjblic + (tz)?jkﬁiatsijkc]\—’?jk] V?jk] ez}
for the cross-product of the velocity with the vorticity at the local node (ri,sj,tx)-
4.5 Summary

The equation governing the velocity after the pressure step equals

Ve = V3 + Boat[(V=Q)fix + Bil” (4.5.1)
+ Buat[(VxQix + Find™ + Baat[(V=OSix + S

where the terms (V={)$jx appear in (4.4.2). This explicit relation for the
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unknown velocity coefficients at time step n+1 depends on known quantities
from the previous step, denoted by the superscript n. Its solution does not
involve inverting the stiffness matrix; unfortunately, however, this simplicity
comes with a concomitant loss of accuracy—the collocation scheme searches for

the solution with 2 measurement device tolerating first-order errors in time.
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CHAPTER V
PRESSURE STEP
5.1 Variational Approach
According to §3.4, the governing differential relation for the pressure step

equals

V"Z:" = V.VP. (5.1.1)
This represents an elliptic, Poisson equation; consequently, a corresponding
variational form exists. For the moment, assume that the functional whose
Euler-Lagrange equation yields (5.1.1) equals
3[P) = J, [ (VP-VP)at + V*.TP]aV. (5.1.2)
The standard boundary conditions accompanying a functional of this type equal
S5 =0, (5.1.3)
where F equals the integrand of the functional. Applying this boundary
condition formula to the functional shown in (5.1.2) yields
—n.VPat + n-V2* = 0. (5.1.4)
According to the derivation in §3.4 the appropriate boundary conditions for the
pressure step equal
—n-VPat + n-V?*! = n-V®*}, (5.1.5)
which does not correspond to that shown in (5.1.4), since an additional n. Vo4
exists on the right-hand side; therefore, we must add a boundary integral to our
functional. Thus, the functional satisfying the appropriate boundary conditions
and the governing pressure step relation equals (5.1.6)
J[P] = Jo [ (VP-VP)at + V2*1.VPJdY — f3q P(a-V™*)do.
Applying the Euler-Lagrange equation to this functional yields (5.1.1) with

boundary conditions (5.1.5). A demonstration of this follows.
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Up until this point, we accepted the validity of the functional shown in
(5.1.6) prima facie. We must show that the extremum of this functional does
indeed yield the differential relation and boundary conditions for the pressure
step. We begin by considering the variation of J[P] with respect to P:

8[P] = J; [-VP-¥(6P)at + V=*1.9(éP)]dv — foq (- V™*1)éPdo.

Rearranging gives (5.1.7)
&[P] = j& [V-(VP6P)at + 6PV-VPat + V-(VP*§P) — 6PV. V™*ldV
~foq (m-V>*)8Pdo. (5.1.8)

Employing Gauss’ divergence theorem, we transform the first and third volume
integrals into surface integrals giving

8I[P] = JG, [V-VPat — V- V*1jgpav (5.1.9)

+ foq [-n-VPat + 0. V2 — 0. V*|éPdo.
An extremum of J[P] occurs when this variation equals zero. Since the
variation of P on the boundary of the domain does not depend on its variation
within the boundary, the extremum occurs when both
V-VPat — V.Vl = 0, (5.1.10)

within the volume of the domain, and

—n-VPat + n. V2 _n. V¥ = - (5.1.11)
on the boundary, are satisfied simultaneously. We see that these equations equal
the governing equation and boundary conditions. Thus, the variation of the
functional given by (5.1.6) yields the Poisson equation shown in (5.1.1) with
boundary conditions (5.1.5).
5.2 Representation in Local Co-ordinates

We must transform the functional in (5.1.6) from the global x,y,z co-

ordinate system to the local r,s,t system. The corresponding functional
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representation for a single element, designated by the superscript e, in local co-
ordinates equals

JPre= [ : f ; f i} (VP-VP)at + V.VP)¢| det[J¢] | drdsdt

6 .

-3 f ; f | pe(n-V*)dAP, (;.2.1)
where we drop the superscript indicating the time step number and replace it by
a superscript indicating element number. (Consult appendix B for details of the
volume element conversion from global to local co-ordinates.) The surface
integral contains expressions for the summation over the six faces of each
element. We will consider the details of these terms later.

This functional, approximated by expressing it in terms of the expansion
polynomials, for example, Peggcf’gbc%(r)%(s)wc(t), appears as

Jpex [ : [ e VEbeP Sbe: VobePEbeat (5.2.2)

- - 6
+ Vibe- gbcpgbc]¢a(r)¢b(s)¢c(t)|det[Je]Iabcd-rdet _pgllpe.
A brief explanation of the accompanying notation seems appropriate. The
subscript abc refers to the node ra,sp,te, while the tilde refers to the

corresponding unknown expansion coefficients. We postpone treatment of the

surface integral, conveniently expressed in the interim as p)ZIIIPe, until §5.3.
Many of the following numerical minutiae receive a more thorough
treatment in the following chapter dealing with the viscous step. The gradient
operator in global co-ordinates equals

9P e

513 gbc af)gbc

In the local co-ordinate system this operator equals
VSbcPEbe = (5.2.4)

o =e pe
(ZEc(r9ane + LEes(st)ave + TRt )ancles +
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[é'lz'fﬁ(ff')abc + if;ém(s;)abc + %?%bg(tf')abc]ey +
[ilsf_bg(fg)abc + il;%(ﬁﬁ)abc + 2I;i:&c-(t‘z’)abc]ez-
Introducing expansions for the local partial derivatives according to (6.3.5)
through (6.3.7) gives
VucPibe = (5.2.5)
2, [ (r5)abeDasbosee + (89)abcbaiDbitex + (¢8)abebasbosDesles +
[(18)abcDaibb;dcx + (55)abcbaiDujbek + (t§)abedaifvjDexley +
[(r)abcDaibbjdex + (5%)abebaiDujbex + (t%)abcﬁaiﬁbchk]ez] P§jx.
The inner product of this term with a term of similar form appears as
SbcPEbe- VEbcPEbe = (5.2.6)
i?k [[(rﬁ)abcDaiﬁbj bex + (5%)abcbaiDvjdek + (t£)abcbaidbjDexlex +
[(r8)abcDaibbjbex + (5%)abclaiDbjdek + (1§)abebaidbjDexley +
[(r£)abcDaidvjbex + (55)abebaiDbjbex + (tﬁ)abcﬁaiﬁbchk]ez]??jk-
2 [[(:9abcDarbondin + (55)abcbaiDonden + (t5)abcbaipaDenles +
[(18)abcDa1fbeben + (58)abcfaiDbmben + (1§)abcla1dbaDenley +
[(£8)abDaxfoafin + (55)abefaDonden + (t5)abctrdinDeles] Plan
Performing the inner product gives
EbcPEbe- VEbePSbe =i§.3k lgnf’gjk Pfan (5.2.7)
[[(r§)abcDai5bj bex + (58)abcdaiDbjdek + (t£)abedaifbjDex]
[(r%)abcDa1bbmben + (s%)abclaiDbmben + (4£)abebaifbaDen] +
[(r%)abcDaibbjbex + (58)abcbaiDbjfek + (t§)abebaibjDex]
[(r8)abcDa1fbmben + (58)abclalDomben + (t5)abebalfouDen) +
[(r8)abcDaibbjbek + (58)abebaiDbjdek + (t5)abedaidbjDex]
[(t9)abcDabondin + (s5)abcSsiDomden + (t5)sbofa1SoaDes] -

Introducing these expressions into (5.2.2) gives
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JPlex ST B ga(r)tul(s)he(t) | et abe [ 3, 2 Pt Planat
[[(rﬁ)abcDaiﬁbj bk + (58)abcbaiDbjbex + (1§)abebaifbiDex]
[(8)abcDa1fonden + (8%)abclalDbnfen + (45)abcdarfbaDen] +
[(z8)abcDaifbjbek + (55)abefaiDbjfek + (£§)abcbaifbiDex]
[(z%)abeDatbonben + (5§)abcaiDbalen + (t57)abebalfonDen] +
[(18)abcDaifbjdcx + (58)abcfaiDbjdex + (42)abebaidbiDek]
[(5)sbeDatbomdon + (52)sbcbaiDinbin + (t5)abebardoaDesl]

+ Vgbe- i?k [[(ri)abcDaiﬁbj&k + (5&)abcbaiDbjfek + (t£)abedaibfbjDexlex +
[(£8)abcDaibbifck + (55)abedaiDb;jdex + (6§)abcbaibbiDerley +
[(t§)abcDaibbjfck + (55)abcbaiDbjdex + (tﬁ)abc5ai5bchk]ez] f"i’jk] drdsdt

6
-1 (5.2.8)
Evaluating the integrals by introducing wa= f_ ;‘d)a(r)dr according to (1.5.16)
gives
J[P)e = -} a)blc i);;k lgnf";'jk Planatwawpwc| det[J¢} | abe
[[(rﬁ)abcDaiﬁbjﬁck + (58)abcdaiDbjbck + (t§)abcbaifbjDex]
[(£8)abcDa18bméen + (5§)abefalDbmben + (t%)abcba1donDen) +
[(12)abcDaifbjfcx + (5§)abclaiDbjbex + (t§)abedaifbjDek]
[(t$)abcDa1bonben + (5F)abclaiDonden + (t$)abcba16baDen] +
[(t8)abcDaifbjbek + (s§)abedaiDbjdek + (15)abcfaifbiDex]
[(¢9)abcDasbonden + (sE)abcbaiDbaben + (t)abols1BoaDen]|
+ 3 Vbe: by PSawawpwe| det[J%) | abe
[[(Ig)abcDaiﬁbjack + (8%)abcbaiDbjfcx + (t§)abcdaifbjDexlex +
[(£8)abcDaifbibek + (s§)abedaiDbjfex + (t§)abelaifbjDexley +

[(r€)abcDaidbjbex + (5%)abclaiDbjfex + (t%)abcﬁaiﬁbchk]ez]

8
-1pe (5.2.9)
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Excluding the surface integral, this represents the governing functional in terms
of the local co-ordinates.

5.3 Surface Integral

The surface integral,

pzirve = z ! _/‘ 1 p¢(n-Ve)dAP, (5.3.1)
contains contributions from each of the six sides of each element. We must
express it in terms of the unknown expansion coefficients in the local (r,s,t) co-
ordinate system. Rearranging (5.3.1) by combining the surface unit normal

vector, n, with the differential area, dA, gives

pe — 11 €. dAP.
pElI z f PeVe.dA (5.3.2)
Introducing these expressions for each of the six faces on the local element gives
6
Y Ipe = (5.3.3)
p=l

_f:fi PeVe. (xsex + ysey + 238,)drds

+fifi PeVe.(xsex + yay + 22€;)drdt

+f:f: PeVe. (xsex + ysey + z3€;)drds

‘f:f: PeVe. (x26x + y2€y + 226,)drdt

_f:f: Peve'(xlex + yiey + zez)dsdt

+f:f , PeVe. (xsex + yi€y + 2i€7)dsdt,
where we expressed the area vectors shown in (5.3.2) in terms of their
component parts with the assistance of §A.7 in appendix A. Introducing the

expansion polynomials into these surface integrals gives
6
L IPe s (5.3.4)
p-1
"f.lf.l 3 P§b1VEb1- (xsex + ysey + 23€2)ab1¥a(r)¥u(s)drds

+ f f E Pg 2cV32c (X2ex + yoey + z2ez)a2c¢a(r)¢c(t)dfdt
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+f.if: a%; P&uaVEbe- (x3€x + Y€y + Zs€r)abata(r)¥u(s)drds
—f.if-i a§ f)g»lcv&c‘(x'ﬂx + yoey + z&)alc':/)a(r)‘{[lc(t)dIdt
_f:fi b PiocVibe: (xi€x + Yi€y + Zi€z)bc¥n(s) ¥e(t)dsdt

+f ; [ R PucVibe- (Xi€x + Yy + 21€r)2bctu(8)¥c(t)dsdt.
Evaluating the integrals using wa= 'iil’a(l’)df gives
8
T IPe & (5.3.5)
p=1
—a§ pgbl‘v’gb]'(x:,ex + ysey + zsez)ablwawb
+a.)<::" f’gzcvgzc- (X2ex + y2¢y + Zzez)azcwawc
+a§ ?gbz\u'gbz‘(}qex + ysey + zsez)ab2wawb
—aE pg]cvglc‘(Xﬁx_"’ Y'ﬁy + Zzez)alcwawc
—b§ P?ch?bc' (x1ex + Yley + zlez) 1tbcWbWe
+3 PSucVibe: (X1€x + Yi€y + 21€2)2bcWhbWe.
Finally, performing the inner product using ngc=ﬁgbce,+\'rgbcey+ngce,z gives
8
) Lag™ (5.3.6)
p=1
—aEb Peb(Utbixs + Vibiys + W$bi123)ab1WaWb
+a§ pgzc(ﬁgzch + ngcy 2+ W§2c22)a2cwawc
+a§ I-’gbz(f]gbzxa + ngz}'a + ngzzz)amwawb
_a§ l‘sglc(ﬁglcx'z + Vgndz + ngch)alcwawc

_b§ 1'i'?bc(f-‘]‘ibcxl + {’?bcy 1+ W?bcz 1) 1bcWHWe

+b§ ﬁibc(flibcxl + VSbcy 1+ v"Vsbcz1)'4!ch4'ch-
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5.4 Variation of the Functional
All of the pieces corresponding to the terms in the governing functional
exist in terms of the local co-ordinates and expansion functions and coefficients.
Substituting (5.3.6) into (5.2.9) and performing the remaining inner product
gives
J[Plex—4 a%c i?k lgnl-’?jk Planatwawpwe| det[J% ] abe
[[(ri)abcDaiﬁbj5ck + (5%)abcbaiDbjdek + (%)abelaifviDex]
[(z8)abcDa1fbmben + (55)abcfaDbmben + (t£)abeba1douDen) +
[(r$)abcDaibbjbck + (8%5)abcdaiDbjdek + (4§)abebaidbiDex)
[(18)abcDa1bbnden + (5§)abclalDbuden + (t§)abela1fonDen] +
[(r8)abcDaibbjbek + (55)abeaiDbjdek + (t5)abedaidvjDek]
[(#9)abeDs16omdon + (55)abebaiDondin + (t5)abcharbouDesl]
+ 3 F PSjxwawpwe| det[J%| abe (5.4.1)

abe ij
[[(ri)abcDaiﬁbj bcx + (5%)abcbaiDbjbex + (t:ek)abcéaiﬁbchk]ﬁgbc‘l‘
[(t8)abeDaibbjbex + (55)abelaiDbjbex + (t§)abc6ai5bchk]\:f§bc+
[(1%)abcDaidbjlck + (55)abefaiDbjbex + (t%)abcﬁai%chk]V:V%bc]

—a%} ngl(flgblxa + {v/ﬁbly 3+ Vzvgbxzs)abxwawb

+a§ szc(ﬁ§2c12 + \sfgzcy 2+ Vzvgzczz)azcwawc

+a§ ?gbz(ﬁgbzxa + \:v’gbﬂ 3t chgbzzs)abzwawb

-a)é‘, Pgm(flﬁlcxz + \zfglcyz + VcV§1c22)achaWc

—b%} P‘ibc(ﬁ?bcxl + \cf'ibcyn + VcV‘ibcz 1) 1bcWbWe

+ 2 PSbc(Ubexs + Vibey1 + Wibezs)2beWbWe.
The extremum of J[P], or the variation 4J[P]/dP, equals
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0J[P]¢/dP = -—a)blc i?k PSjxatwawpwe|det[J¢) | abc

[[(ri)abcDaiﬁbjﬁck + (5%)abcbaiDbjdex + (t§)abebaidbiDek]
[(r€)abcDa1bbmben + (58)abebaiDoaben + (4£)abcbalfonDen] +

[(r§)abcDaibbj ek + (5§)abcbaiDbjdek + (t§7)abebaibbiDex]
[(r8)abcDa1dbmben + (55)abca1Domben + (4§)abclalfonDen] +

[(8)abcDaibbjbex + (s%)abedaiDbjéex + (t£)abebaidbiDex]

[(69)abcDaiondin + (5)abetuiDoadin + (tE)abclurfonDecl]

+ 5 wawpWe|det[I®]| abe (5.4.2)

[[(rﬁ)abcDaiﬁbj bck + (5%)abcbaiDbjbdex + (ti)abctsaiﬁbchk]l:T%bc +
[(r§)abeDaibbjdex + (5F)abelaiDbjbek + (t§)abc5ai5bchk]\:/'§bc +
[(r8)abcDaibbjlck + (s£)abcbaiDbjdek + (ti)abc5ai5bchk]V:V§bc]

-2 (Ogpixs + Veb1ys + Webizs)abiWaWh
+a§ (ﬁgzcxz + \:’gzcy 2+ \?ngczz)azcwawc
+a§ (ﬁgbzxs + {/ﬁbzn + chgbﬂs)abzwawb
—a%: (fjglcx'l + \zfgxcy 2+ ‘:NglczZ)alcwawc
-2 (Ofbexs + Vibeys + Wibez1) ibcWhWe

+b§ (ﬁgbcxl + ngcy 1+ WSbczl)zbcwac-
The middle term in (5.4.2) may appear more conveniently as

a%c wawpWe|det[J€] | abe (5.4.3)
[[(ri)abcDaiﬁbj bck + (58)abcbaiDbjbex + (4€)abcbaidbiDex] Ube +
[(t8)abcDaidbjéek + (5F)abcbaiDbjbex + (t§)abcbaifbiDex] VEbe +

[(Tg)abcDaiébj 5ck + (Sg)abcﬁaiDbj 6ck + (tg)abcéai%chk]WSbc]
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= agcvﬁbcijk-‘:fﬁbcwmbwcl det[J¢)| abe
where the divergence operator} equals 4
V8beijk = (5.4.4)
[(r€)abcDaidbjdck + (5%)abcbaiDbjdex + (t£)abebaidbjDexlex +
[(r§)abeDaibbjéek + (55)abclaiDbjdex + (4§)abclaifbjDexley +
[(18)abcDaifbjdck + (52)abcbaiDbjbek + (1£)abebaidbjDex]ez
Introducing the quantity Hfansbe, defined by
Mfunabe = —|det[T¢] | abcWaWbWcbiabubbnc, (5.4.5)
into (5.4.3) gives (5.4.6)
agcvﬁbcijk-\:fﬁchaWchl det[J¢]| abc = _1§n a%:cvfnnijk‘ M znabeVibe,
for the middle term in (5.4.2). The free set of indices in this expression equal
ijk, ‘while those in the first term in (5.4.2) equal lmn. Rearranging the indices

gives an equivalent form for the right-hand side of (5.4.6), written as

i?k 2 Vijximn - MjxabcVibe. (5.4.7)

The extremum of J[P] occurs when the expression in (5.4.2) equals zero.

Substituting (5.4.7) for the middle term and, setting &J[P]/6P=0 gives

2 AfunijxPSxat = =2 ¥ Vjxian: MjkabcVabe + S6,
ijk ijk abe

where the surface integral appears as (5.4.8)

w

Se

(5.4.9)

= I (Usorxs + Vibwys + WEb123)abiWaWb

+a§ (Ufaexs + VE2cy2 + WEacZ2)a2eWaWe

1The term Vabcijk: Vabe, Obtained from the expression V-V does not equal the
divergence of velocity. We write the divergence of velocity V-V as VapcijkVijk-
Hence, the order of indices is important.
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+ a)b: (Ugvoxs + Véu2y3 + WEbaz3)ab2WaWh
—aE (ﬁglcxz + Vﬁxcy 2+ ngch)alcwawc
—b{: (Ufbexs + Vibey1 + WbcZ1) ibeWbWe

'+b§ (ﬁibcln + Vibey: + WSbez1)2bcWhWe,
and the quantity AfYmnijk as
Afanijx = I Wawbwcldet[-]e”abc[ (5.4.10)
[(r%)abcDaibbjfex + (5%)abcbaiDbjdex + (t8)abcbaifbjDek]
[(1€)abcDaibonben + (5§)abcbatDbaden + (t8)abcbalfomDen] +
[(r$)abcDaibbibek + (55)abcbaiDbjbex + (t$)abcbaifbjDek]
[(r§)abcDa1bmben + (5§)abclalDbaben + (t$)abcla1fouDen] +
[(r€)abcDaibbjbex + (58)abclaiDvjdex + (t8)abcbaifbiDek]
[(69)sbcDa16omben + (55)abebaiDoaden + (t5)abefardonDenl
5.5 Solntion for Pressure
Equation (5.4.8) applies to a single element. Adding the contributions

from all elements gives ' ~ (5.5.1)

E E ~ E
T % AfniicPSxat= £ % T VSjkimn- II§j Vebe + I S©
e=1ijk ?mnuk 1jk e=1ijk abc ijklmn* liijkabe Vabe el

In this expression, the pressure coefficients, P?jk, remain unknown; the velocity
coefficients, V&bc, known from the non-linear step; and the surface integral

unknown, since it contains unknown velocity coefficients \:/gbc. By summing
over all elements, and taking advantage of the continuity of the velocity on the
faces shared between elements, we greatly simplify the expression for the surface
integral. Since the surface integrals contain velocities and not derivatives of

velocity, and, since the velocity remains continuous throughout the domain, the
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terms cancel on faces shared between two elements. Thus the summation over all
elements yields a contribution from only those elements on the boundary of the
domain. Unfortunately, the surface integral contains unknowns which represent

the velocity after the pressure step. Hence, (5.5.1) contains two unknowns:

pressure P%j and velocity VSji. Along surfaces where we specify essential
boundary conditions on velocity, the surface integral depends on known
quantities; along surfaces where we specify natural boundary conditions, the

velocity, \zlﬁjk, remains unknown. We may circumvent this problem by
approximating the surface integral of n-V along natural boundaries by n-V,
since we know V from the non-linear step. However, since V does not satisfy
boundary conditions, a significant error may accrue from these integrals;
furthermore, these integrals over the boundaries where both natural and essential
conditions occur may require extensive computational time. Therefore, we use an

entirely different technique for the surface integral expression.

Since e§1§e represents the net flux of velocity leaving the domain,
/] 30(n-V)dA, we choose to compute the integral of n-V over the inlet and
exit boundaries and apply the difference of these terms to the exit velocity in the
form of a correction. Hence, no longer do we satisfy (5.5.1) exactly at each of
the nodal points. Instead, (5.5.1) holds only in a "global" sense. We

approximate the surface integral by

E d
I 5S¢ =% Vout-nAgye

e=t
= fmmn-\?da + fmou‘n-\?da, (5.5.2)
where Vo4t equals the average outflow velocity correction and A,y¢ equals the

outflow area. The velocity correction applies to the velocity after the non-linear
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step according to

(v?jk)corrected = vgjk - vout, (5-5~3)

where node ijk and element e correspond to those nodes located along the exit

portion of the domain, V'i,-k represents the known velocity after the non-linear
step, and Voy¢ the average velocity from (5.5.2). We use this corrected
velocity in (5.5.1) in place of the original uncorrected velocity, and we drop the

surface integral. The final form equals  (5.5.4)

E . E -
e{?l i?k AfanijxPSjuat = e§1 iJSk a%c V$jk1an* Mjkabe( Vibe)corrected-
Thus, we achieve the standard, linear form, Ax=B, for the unknown pressure
coefficients. After computing the pressure, the velocity after the pressure step

results from

%ﬁjk = ‘:/?jk —V?jkf’?jkAt, (5.5.5)
equivalent to the discritized form of (3.2.2) applied at node ijk of element e.

- Incidentally, a proviso must accompany quantities obtained from
expressions with derivatives, such as (5.5.5). Since only the variables appearing
in the essential boundary conditions remain continuous across elements, and not
their derivatives, the gradient of pressure contains different values at the
intersection between two elements—one value from each of the two elements.
Since only one value may exist at any point in the global numbering scheme,
before equations such as (5.5.5) get solved, we must combine the two values for

VP at node ijk by taking the average value from the two elements. This seems

innocuous enough; unfortunately, we break the zero divergence rule on V?jk in

the process. This may induce important errors in certain problems.
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CHAPTER VI
VISCOUS STEP
6.1 Variational Approach
The governing differential relation for the viscous step equals Helmholtz’s
equation, given by
V$-2%=F, inQ. (6.1.1)
We employ techniques from calculus of variations to generate a matrix expression
for the unknown expansion coefficients ¢sjx. The goal remains finding a
functional yielding Helmholtz’s equation after application of the Euler-Lagrange
formula. Assume for the moment, that the functional whose Euler-Lagrange
equation corresponds to (6.1.1) with homogeneous boundary conditions given by -
o + f(n-V)p=0, on 49, (6.1.3)
equals
J[¢) = JG, [ teradd:gradd — $22%-¢ — ¢-Flav. (6.1.2)
This functional applies to domains with rigid boundaries. In fluid dynamics,
both homogeneous and non-homogeneous boundary conditions arise. In general,
the two possible types of non-homogeneous boundary conditions equal Dirichlet

(essential) when A=0, given by

$=a, (6.1.4)
and Neumann (natural) when a=0, given by
(n-V)$ =g (6.1.5)

We may incorporate these non-homogeneous boundary conditions in the standard
functional by adding a boundary integral.
Since ¢ must remain fixed along surfaces containing non-homogeneous

Dirichlet boundary conditions according to (6.1.4), the variation in ¢, written
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as ¢*=¢+e¢, must equal ¢. In other words, we impose
W) =10 | (6.1.6)
on surfaces with Dirichlet boundary conditions. We impose no restrictions on ¥,
along boundaries with natural conditions. Instead, the natural or free boundary,
where ¢ may vary, requires the standard constraint, n-dF/d(grad¢)=0, where
F equals the integrand of the functional. The result, after applying this
condition to the functional given in (6.1.2), equals n-grad$=0, which does not
satisfy the non-homogeneous natural boundary conditions. We overcome this
problem by adding a surface integral to the functional giving
3[¢] = S, [ dgrad:gradd — $2%-¢ — ¢-Fldv +
j:?ﬂ“ $-gdo, (6.1.7)
where 90" represents the surface containing natural boundary conditions. The
variation of the surface integral contributes a term, which when combined with
n-3F/3(grad¢), yields the proper non-homogeneous natural boundary conditions.
Until now, we accepted the claim that the functional shown in (6.1.7) yields
Helmholtz’s equation with appropriate boundary conditions without proof. We
must show that the extremum of this functional does indeed yield Helmholtz’s
equation and boundary conditions for the viscous step.
We begin by considering a functional represented as
3] = J; F(x, ¢, grad)av. (6.1.8)
The variation in this functional equals the difference between the functional
evaluated at ¢* and ¢. Thus, &J=J[¢"]-J[¢] may appear as
& = J& [F(x, § + €¥, grad + egrady)
— F(x, ¢, grady)]dv. (6.1.9)

Expanding the integrand in a Taylor series gives
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6= | Cee-p+ -agf%‘e:gradﬁ]dv, (6.1.10)
which, after application of the chain rule, yields (6.1.11)

dF JF JF
& = eff) 78— V" (Ggraap)- ¥ + eJo V- (ggragg VOV-
Applying this expression to the functional in (6.1.7) results in

63 = ¢ [, [V-gradd — A% — F-dV + ¢ Jf; V-[— grad- iav

+ € 00 §-¥do. (6.1.12)
The divergence theorem allows us to express the second integral on the right as
eja V-[— grad¢- ¢jdvV = — ej:m n-(grad¢- ¢)do. (6.1.13)

The integrand on the right-hand side equals zero along the boundary where
essential conditions apply, since ¥=0 in those regions; the only contribution
comes from boundaries containing natural boundary conditions. Using the

natural boundary conditions given in (6.1.5) gives

e Jfy V-[- gradé- ¥ = — € fyqn £- ¥do (6.1.14)
which exactly cancels the last term in (6.1.12). Thus, the variation in J equals
‘ 6 = ¢ f, [7-gradp — A% — F|- V. (6.1.15)

At an extremum, we require 8J=0 for all admissible ¢; in particular, we
require 8J=0 for all admissible ¢ which vanish on the surface containing
essential boundary conditions. Because of the arbitrariness of ¢ inside (,
8J=0 implies
V—-2%$—-F=0, in Q. (6.1.16)

This equals Helmholtz’s equation, confirming our supposition.

As indicated previously, the variational form incorporates the natural
boundary conditions in the functional, while the essential boundary conditions do
not appear. The functional expression makes no reference to a particular domain;

hence, it applies to both a single element or the entire domain. In the following
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sections we express this functional in terms of the local co-ordinates on a single
element. Each element contributes both a volume integral and a corresponding
surface integral. A functional applicable to the entire domain results from
summing over all elements.
6.2 Representation in Local Co-Ordinates

The governing functional written in global, or physical space, equals

J[¢] = Jf, [ teradé:gradd — $2%-¢ —¢-Flav
+ foqn $-8do. (6.2.1)

We must transform the functional expression from the global (x,y,z) co-ordinate
system to a local (r,5,t) system, where elements appear as cubes whose local co-
ordinates range between +1. The functional representation for a single element in

local co-ordinates equals
Jgle = [1f 1 f - sgradbgradd — 4X%9-¢ — ¢-F|°| det[J°] | drdsd
8
+ .3 S 4e-geaar. (6.2.2)

(Consult §A.3 for details of the differential volume conversion between global
and local co-ordinates.) The surface integral expresses a summation over the six
element faces. Remember, this term applies only along surfaces characterized by
natural boundary conditions. Notice that the local co-ordinate system occupies a
position within an element such that only two co-ordinates vary along a given
face, while the third co-ordinate remains fixed at 1. The gradient operator in

the global system equals

e € (]
grad¢® = % ex + % ey + g% ez (6.2.3)
In the local co-ordinate system, [r(x,y,z), s(x.¥,z), t(x.y,2)], this operator equals
(] € ']
grad¢® = [-% Iz + g% 8§ + -g% t€)ex (6.2.4)
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e e € e (] (]
+ [g?r§+g$s§+g%t§]ey+[-g%r§+g%s§+g%t§]ez,
where the partial derivatives of the local co-ordinates with respect to the global

ones appear according to (A.2.7) as

1 = ( szt’ y]tﬁ € 1= (xtzs xszt)e’ 1€ = (_%l‘_] fhe

(6.2.5)
ot = (LI Tiiys o = (Sy2e e of = (ST Sy
(6.2.6)
tg = (L2t o = i o = G-
(6.2.7)
The Jacobian of the transformation equals
Xr Xs Xtle
Je=|yr ys ¢ (6.2.8)
2r Zg Zy

according to §A.2. Subscripts indicate differentiation with respect to local co-
ordinates; superscripts define the particular element under study.
6.3 Approximating Functions in Spectral Space

The discrete expansion of a function u(r,s,t) in terms of a finite sequence

of orthogonal functions of n-th degree approximately equals

wrsnes 58 B atunmuend) (6.3.1)
where the scalars @§jx equal the discrete expansion coefficients of u(r,s,t)
relative to the basis {y,...,¥n}. Notice that this expression is not of n-th degree
unless l=m=n. Asindicated in §1.5, differentiation may take place in either
spectral space or physical space. Nonﬁally, we use differentiation in physical
space. The derivative with respect to the local co-ordinate r in the local space

equals

l m

ufrst)®x B 55 ukajéa(r)%(S)wk(t) (6.3.2)

b
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We do not compute derivatives in this manner since this would entail computing
analytical expressions for the derivatives of the basis functions; instead, we
compute derivatives only at the nodal points (ra,sb,tc). This gives

ul’(raysb,tc)e N
l m n e
i§o j§0 kgou‘jk.g%i(ra)d’j(sb)'/’k(tc)- (6.3.3)
Since the basis functions satisfy both ;(ra)=6a; and Dai=g¥i(fa), this

expression reduces to

l m n
ur(ra,sb,tc)e R i§0 J§0 kgoﬁ‘exjkDaiﬁbj 6Ck1 (634)
which may be written more compactly as
(ur)ébe 7, Wk Daidvjbor- (6.3.5)
Similarly, derivatives with respect to the s and t directions equal
(us)gbe ® Ek ii§jx 6aiDbjbex (6.3.6)
and )
(u)ioc* B %)k 8aifbjDek, (6.3.7)

respectively. The function u(r,s,t) approximated at the node, (ra,5b,tc) equals

u(ra,sb,tc)e N

l m n
I, B2 tii(ra)di(sn)tlte) (6.3.8)
or, in compact form,
uspe ® i?k 1§k 6210bj bck- (6.3.9)

With these expressions for functions and their derivatives, all the ingredients
necessary to represent the functional in variational form exist. Incidentally, the
ﬁrst-order variational form, as opposed to the second-order differential form, does
not require a second order derivative, clearly an advantage given the complexity
of the first-order derivatives.

6.4 Approximation of Products of Functions
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Since the variational form of our functional contains products of functions,
some of which are known (e.g., the Jacobian or the body force), while others,
such as velocity, remain unknown, we need a system to express products of
functions. The two most common methods of expressing the product of functions
u and v equal the product of the series,

u-v & (Inu)(Iyv), (6.4.1)
or the series of the product,
u-v = Iy(u-v). (6.4.2)
The first form yields a polynomial with n? terms since it involves term-by-term
multiplication of two series; the second method involves a polynomial with n
terms since the product u and v occurs before the expansion in terms of the
nodal coefficients. We use the second method. Using the compact notation, the
product of u and v equals
uve s B e S h)h(t) (6.4.3)
A natural extension of this expressxon allows a representation of products of three

Oor more terms.

6.5 Surface Integrals
The term representing the surface integral in (6.2.2) equals
= SPt= ‘f ¢°- gedAP. (6.5.1)
p=1
Using the inhomogeneous boundary condmon, g=(n-Y)$, gives
e _ 1 e €
p’f. f ¢%(n®-V)$°dAP, (6.5.2)

which after rearranging gives

= pél 1 4e(ntaar- i (6.5.3)

The projection of the differential surface area in the direction of the outward unit
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normal on each of the six faces equals
[ ex ey e;]e
nedAl == Xr¥r Zr dIdS,
| X5 Y5 Zs]
at t=-1;
[ ex ey e;]e

n¢dA? = | x; yr 2:|drdt,

| Xt Yt 2t
at s=-1;

. ‘exeyele .
nédAd = | x; yr z|drds,

L X3 ¥s Zs]

at t=1;
[ ex eyeg]e

n¢dA¢ = —| x; yr zr|drdt,

| Xt ¥t 2t]
at s=1;
[ exeyee
n®dA° = —| x5 y;s zs|dsdt,
| Xt Yt 2]

at r=—1; and
ex ey €] e

l].edA6 = Xs ¥s Zs det,

Xt Yt Zt

(6.5.4)

(6.5.5)

(6.5.6)

(6.5.7)

(6.5.8)

(6.5.9)

at r=1. (See §A.7 for details.) Taking the inner product of the projection of

the differential area in the direction of the outward normal with the gradient

operator for each of the six faces gives

n¢dALT® = — (180 + tg% + 185)det[3%)drds,

on face 1;
e 2.ge _ ea ea eB e
n°dA%.V¢ = — (835 + 5Ygy + s%)det[.l ]drdt,
on face 2;
eJA3 . ve ea ea ea e
nédA°-V¢ = (trai + ty-as; + tz'ai)det[J ]drds,
on face 3;

nedAtve = (ssd + sg% + 50 )det[Idrdt,
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(6.5.11)

(6.5.12)

(6.5.13)



on face 4,

n%dAS.¥e = — (150 + rg% + rg0)det[3%dsdt, (6.5.14)
on face 5; and
nedAS-Ve = (rg0_+ r;'% + g0 )det[3%dsat, (6.5.15)

on face 6, where the derivation of such quantities as ty=at/dx appearin §A.2.

Substituting these expressions into (6.5.3) gives for each of the six faces:

re=—f1f! 41528 ¢ tg%e + 128 det [J¢]drds,

on face 1; (6.5.16)
(4 € €
12 = 1 1ge(sg0d 4 520" 1 el )detfalarat,
on face 2; (6.5.17)
( (]
e~ [1f 1452 4 tf% + 1528 det[3%drds,
on face 3; (6.5.18)
(] e e
| re= f1f 1 ge(sid 4 o5 4 ol det(arat,
on face 4; (6.5.19)
( € €
1= f1f $esde 4 r% + 1598 det[ 37 dsdt,
on face 5; and (6.5.20)
e e
16 = f.:f-: ¢e(r§g¥e + rggg + rﬁgg )det[J€]dsdt,
on face 6. (6.5.21)

e ] €
Substituting the expression for the derivatives gg, g;, and gg from (6.2.4)

into the surface integral for face 1, gives

I'e = —f 1 f Yeg(es g%e + 5§ g%e +t§ g%§+ t§(r$ g?e + 8§ g%e +t§ g%ﬁ
+i5(rs X 4 5 A 1 o5 Mgeqen(acfards. (6.5.22)

We must introduce the expansion polynomials and coefficients into these integral
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expressions. The result for face 1 equals (6.5.23)

tes—f 1113 fi5(es B 4 og B+ Y JERTIOCE. Sy g
e e e
+ t§(rt g? + §¢ g% + t§ -g%)]ab1det[Je]ab1¢§b1¢a(f)¢b(s)dfd5,
assuming the quantity within square brackets refers to the nodal points at
ra,Sb,t;. Similar expressions apply for faces 2 through 6. Substituting
expressions for the partial derivatives of ¢ from (6.3.5), (6.3.6), and (6.3.7)
gives (6.5.24)
1 s — f ; f i Eb i§k[t§(1’§Dai6bj bk + 5£62iDpjbix + t§6aifbiD1x) +
ty(r8Daibbjfik + s$8aiDbjbix + t§62i66iDik) + tE(rEDaibbiéux +
$€62:Db; 1k + 1582100 1x)]absPSjxdsbidet [Iab1va(r) Pr(s)drds.
The only variables remaining within the integrand equal ¥(r), ¥(s), and %(t);
therefore, integration reduces to [!i9i(r)dr=wi. Substituting these expressions
into (6.5.24) gives (6.5.25)
Iex — §b i?k[ti(rgDaiﬁbj&k + 5§6,iDbjbix + t§6aifbiDix) +
ty(r&Daibbjbik + 556aiDbjbik + t§8aiboiDu) + tE(rfDaibpbjdix +
s$02iDbj0x + t562i10p;D )] ab$5xPSb1det[I¢ab 1Wawb.
The superscript tilde identifies unknown discrete expansion coefficients. The
other terms do not contain the tilde (e.g., £, rf and det[J¢]) since they
represent known continuous functions which do not require expression in terms of
approximate expansion coefficients—these coefficients depend on evaluation of
functions at the nodes. For completeness, the surface integrals for faces 2
through 6 equal
1% (6.5.26)
- §c iijlk[si(l'iDaiﬁzj bk + 5E8a:iD2j0ck + t§0aif2jDex) +

sy(r¢Daib2jfck + S$8aiD2jlck + 1§6ai62iDek) + 5E(rzDaids; ek +

57



§56aiD2jbck + t562i62jDck)]ab S xS 2cdet[Iascwawe;
e % (6.5.27)
Eb iJEk[tS(riDaiébj 62k + 5%62iDpjlox + t£62i6pjDax) +
ty(r$Daibbjdax + 5502iDbjbax + t§0ai0bjDak) + t5(15Daibv;lox +
8§02iDbjdax + 1€62i0biD2k)]ab $SiKdSb2det[ I absWawn;
It (6.5.28)
5, 3 [s5(rfDaibybes + s$aiDybex + 1860ibyDar) +
Sy(r¥Daib158ck + 836aiD1j0ck + t§6aib1jDck) + 55(15Daib1j0cx +
5§6aiD1;0ck + t£02181;Dck)]ab SixPS 1cdet[Ia1cwawe;
Iex (6.5.29)
- §c i?k[fg(f:e:Dli&bjﬁck + §$61iDpjlck + t$61:6pjDck) +
Ty(r$D1ibj k. + 8561iDvjdek + t§61i6bjDck) + r5(rED36p;0ck +
$§61iDbjlck + t£61i6b;Dek)] bcbSirdibedet[J¢) wewpwe; and
Iée (6.5.30)
3 i§k[r§(r§Dzi%j6ck + 5§02iDpjbck + t£62i6b;Dck) +
Ty (r§D2ibbjlck + 5$02:Dvjfck + t§62i0pjDcx) + 15(rED2ibbjdex +
§502iDbjfck + t£62i6b;Dck )] 2bcSjrbibedet[I% ncwhwe.
6.6 Application to Variational Form
The governing functional approximated in discrete form equals
Jiglex f1f 118 [~ 4VEuchibeVEnchine
— $2%Sbe: $5be — P5be Fabc) ¥a(r) ¥u(s) ¥e(t) | det[I¢] | abcdrdsdt

6
+ ¥ IPC (6.6.1)
p=1
The first term within the integral on the right-hand side appears as
Vivcdibe: Vabdibe = (6.6.2)

(1§ anctetoe + (GBave(ss)oe + GHavclte)iucles
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1 ety )0e + (P anelsy)toe + (GBanclty)indley
(B el + (Bavelse)ive + Eavc(te)sodles]-
(1@ elrtoe + Ganclscltoe + (FHavelttlex
10 ey e + (B anelsy)ioe + GBavelty)indley
(B et + (avclse)ive + Eavc(ts)incles]

Performing the inner product and introducing the discrete expansions for the

partial derivatives gives
VébcbSbe:Vibchibe = iJZk 1§ﬂ$€jk‘$fun (6.6.3)
[[(rx)gbcDaiﬁbj bcx + (5x)EbcdaiDbjlek + (tx)ibebaidbjDex]
[(tx)&bcDa1bbafen + (8x)gbcbaiDbmben + (tx)3bca1fbaDen] +
[(ry)§bcDaibbjéex + (5y)abcdaiDbjbex + (ty)sbcbaifbiDex]
[(ty)8bcDa1bomden + (8y)§bcbaiDbaden + (ty)SbclaifbnDen] +
[(r2)§bcDaidbjéck + (5z)abcdaiDy; Sek + (t2)EbcbaifojDek]
((£2)5bcDafoafin + (82)SbcfeiDbaben + (t=)5bcfatSoaDerl
Substituting this relation into (6.6.1) gives
S L1 B Yule)ou(s)e)| detl3 abe ~ 4 8, % i blan
[[(Ix)gbcDai‘sbj bek + (5x)EbcfaiDbjéek + (4x)SbebaidbiDex]
[(1x)§bcDalbbuben + (5x)§bcba1Dbnben + (tx)bcbaifonDen] +
[(ty)§bcDaibbjéek + (Sy)&bcbaiDbjéex + (ty)§bcbaifojDek]
[(ry)§bcDa1dbaben + (Sy)ibcbaiDbnben + (ty)$bcdaifomDen] +
[(r2)§bcDaibbjbex + (52)5bcdaiDbjbex + (tz)§bcbaibojDex]
[(£)SocDa16vaden + (5)8bcbuiDonden + (t2)5bcfa165aDcnl|

8
— $A%5ue-§5bc — §5bc- Fioe| drdsdt + % TP (6.6.4)
Again, the only variables within the integrand equal W), ¥s), and ¥t).
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Using (1.5.16) for [!j%i(x)dx gives
Tgler—4 % 2 E @fik-$fan| det(I]|abcwawrwe
[[(rx)gbcDaiﬁbj bk + (5x)abcfaiDjbek + (tx)ibcbaifbiDek]
[(rx)&bcDa10baden + (sx)&bclalDbmben + (tx)dbcla16baDen] +
[(ry)5bcDaidbjbex + (5y)ibcdaiDbjdex + (ty)sbedaifpjDex]
[(ry)5bcDa18brden + (sy)bclaiDobnden + (ty)sbcla1fomDen] +
[(r2)§bcPaifbjock + (52)5bcbaiDbjdek + (tz)5bcdaifvijDek]
(t2)86cDaxoadin + (52)8bc8uiDoadin + (t2)SbchunfoaDenl
~ 42?3 $an $fan | det[I°] | 1anwiWawn

§
— lgnﬁln-i‘f.mldet[.le] | lonW1WaWn + p{)l IPe, (6.6.5)
The equation which minimizes the functional J[¢] occurs when &J/&p1un =0,

and equals

T * — Z. 5, il eI apcwampwe (6.6.6)
(1(3)5bcDasf; 8 + (sx)5bbaiDifet + (tx)bcbaidoiDes]
[(rx)$bcDa1fbaben + (5x)5bcfalDomben + (tx)§bcla1fbaDen] +
[(ry)&bcDaidbjbex + (Sy)5bclaiDbjdek + (ty)sbedaidbjDek]
[(ty)$bcDa1bbaben + (8y)5bclaiDbmben + (ty)SbedaidbmDen] +
[(12)8bcDaibbibex + (52)5bcaiDbjdck + (t2)SbcdaifbjDek] |
[(22)5bcDa16tmben + (52)5be61Dbnden + (t2)8bca1boaDel]
— A%fan | det[I%] | 1unW1WaWn — Flan|det[I) | imnwiwaws +
S n'%‘far—z_d‘da + %[ pél Ipe]'

The last two terms cancel.} Setting 6J/&1un=0 gives a more compact form of

1The integrand of the second-last term equals n-dF/dgrad¢ which also equals
—n-grad¢ for the functional defined in (6.2.2). The integration of this term
takes place over both the essential and natural boundaries. The variation of the
surface integral with respect to ¢ equals g integrated over the boundary where
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(6.6.6):

iJEk[AYmnijk — A?Ofanij)Six =i?kn7-nijkﬁjk, | (6.6.7)

where I1 and A appear as
Mfanijk = —| det[J¢| ijxwiW;Wib1i0mj bnk (6.6.8)
and Afunije = 3 |det{3°]] abcw,wbwc[ (6.6.9)

[(r2)sbcDaibbjdck + (5x)8bcbaiDbjéex + (tx)abebaifbiDex]
[(tx)&bcDalfbaben + (8x)§bcdaiDbmben + (4x)5bcla1fonDen] +
[(ty)SbcDaibbjéck + (5y)gbcfaiDbifex + (ty)&belaidbiDex]
[(ty)&bcDa1bonden + (Sy)§bcba1Dbméen + (ty)EbcbaifbnDen] +
[(t2)&bcDaibbjdcx + (52)EbcaiDvjlex + (tz)ibcbaifbiDex]
[(22)6o<Datfoabon + (52)SbcbaiDbaden + (te)8nctuifonDenl -

Performing the multiplication associated with (6.6.9) gives
Afunijx = agcdet[Je]IachaWch[ -(6.6.10)
(rr§ + r§r§ + 1515)abcDaibbjbekDalSomben +
(r8s§ + r§st + 155%)abcDaibbjbeckfa1Dbaben +
(6t + r§t§ + réts)abcDaidbjfexba1fbmDen +
(s€rg + s§r$ + 5515)abcdaiDbjdckDalbbmben +
(s€s§ + s§s§ + 5%58)abcdaiDbjdckfaiDbaben +
(s8t€ + s§t§ + 8%t5)abcbaiDb;bckba1fonDen +
(tEr§ + try + t%I%)abctsaiﬁbchkDalﬁbmﬁcn +
(t€5§ + t§s§ + t258)abcdaifbjDekfaiDomben +
(L8t + 5t + t5t5)abcbaifbiDekfalfbnDen |-

natural conditions exist. Since g equals m-grad¢, these terms cancel along the
boundary where the natural conditions apply; the variation of ¢ along the
boundaries where essential boundary conditions apply equals zero. Whence,
these terms contribute nothing to the variation of J {Q]
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This expression simplifies after contracting on the free indices associated with the
Kronecker delta; this requires several steps. First, multiply (6.6.10) by i
and contract on the indices a, b, and c giving '
i}ij Afunijx $$k = (6.6.11)
i§k B(efrg + 1§15 + 1ir8)amnDailaj 6nxDa1| 3et[J¢] | smnWaWnWaSik
+ i)j3k §(I§SE + 1§65 + 1%58)16nD1:6bjénkDon| det[I%| 1bnW1WbWndSik
+ ii;k B(rits + o5ty + r8t8)1ncD1i6mj éckDen | det[I% | 1mcw1waw i
+ i?k §(8§1’§ + s§1$ + 55%)aunbaiDajénkDal | det[J9 | annWaWaWn$Sik
+ %}k %"(Sis% + 5$8% + 585)1bn81iDbjnxDon | det[3% | 1bnW1WbWnPSix
+ i?k %(s%t% + SEE + 58t8)1ncb1iDajbckDen | det[I%] | 1acwiwaw S
+ iJEk §(t§r§ + t41$ + t&1%)annbai0njDnkDa1| det[J7] | amnWaWaWnSjk
+ i}““k %(tSSS + 858 + t25)1bn61i6b;DnkDon| det[I% | onWI1wsWndSi
+ i?k %(tﬁtﬁ + t§t§ + t2S)1nch1iénjDexDen | det{I]| 1ncWI1WaWPSik.
Using the properties of the Kronecker delta while contracting on the indices 1, ]
a.nd- k gives
i?k Afunijk $$ix = (6.6.12)
B (rfr§ + 1§15 + r8r)aanDEiDh1 | det (]| sanwaWawafton
+ & (rss% + 1385 + r$)16nD1iDBa | det[I%] | 1baw1wbWnfSon
+ 3 (1568 + 15§ + 13t)incDIiDén | det(J°]| 1ncWI1WaWc§lac
+ 3 (sirz + 5515 + 56r%)annD ;D51 | det[I°] | annWaWaWnn
+ ?b(sisi + 8855 + 6858)1bnDE;DEn| det[I%] | 1o w1wpWnblin
+ 3 (s5t% + 5515 + 52t8)1mcD$iDkn | det[I% | 1acw1wuw e
+ I (830 + 515 + t8rf)amnDikDi1 | det (3| annWaWeWndSak
+ §b(t§s§ + t§s§ + tE58)1wnDixDEa | det[J%] 1bnW1WbWndTbi
+ 3 (4515 + t§45 + t5t5)1cDEDEn | det(I7]| lacWIWaWcenk-
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The superscripts on D indicate the local direction associated with the

derivative. We must maintain this designation, since, in general, the number of

nodes in each of the three local directions differ. In other words, the quantities

D, D%, and D! differ. A simplification occurs upon introduction of the

symmetric array of coefficients,
(C11)8mn =
(rr€ + 151§ + 1518)ann | det[I®]| aanWaWaWn,
(C12)ibn =
(rs§ + 1§85 + 185¢)1bn | det[J¢] | ibnWi1WbWn,
(C13)fmc =
(8t + r$t§ + 15t5)1nc| det[I®] | 1mcWiWaWe,
(Ca1)8an =
(s&r€ + s$1$ + 551%)ann | det[J®]| aanWaWa Wn,
(C22)fbn =
(s85€ + 555§ + 585%)1bn | det[I€]| 1onW1WHWn,
(Ca23)fmc |
(s€t€ + s§t§ + sStE)inc| det[I®] | 1ncWiWaWe,
(C31)&en
(tgr§ + t5r5 + t618)ann | det[I¢}| annWaWaWn,
(Ca2)fon =
(185 + t§s$ + t55%)10n] det[I% | 1oaW1WHWn,
and (C33)fuc =

into (6.6.12), giving

i§j3k Afanijk $Six =

63

(6.6.13)

(6.6.14)

(6.6.15)

(6.6.16)

(6.6.17)

(6.6.18)

(6.6.19)

(6.6.20)

(6.6.21)

(6.6.22)



% (C11)anD5DEdan + 3, (Cra)ionDIDEudibn +
Eic(cls)ich{iDtt:n $ac + ?a(C 12)5unD&;DEdSin +
?b(cn)fanngMTjn + ?c(Czs)T-cDﬁijmﬁjc +
)kJa(Cm)%nnDﬁkD{l‘%nk + §b(Cza)Yanx§kDEnﬁbk +
§C(Csa)f-cD<‘:kDfm$f-k-
Reordering the terms in this relation yields
i?k Afanijx 5k = (6.6.23)
2 (C11)5anDiiDifan + 3, (C1a)iunDErDE$Ejn +
{«a(Cu)gnnD{lDE Suk + Eib(Cu)YanﬁnDii&?bn +
sz(c22)fannggm$an + %b(Cza)TanﬁnDﬁkﬁbk +
5 (Cua)facDaDifac + 3 (Can)iacD&aDEidic + J (Caa)fneDixDenflar
Further arrangements produce
%7]‘ Afunijk §55x = (6.6.24)
§(Dia)‘[§ (C11)4an(Dii$San) + ? (C12)Ean(DEi$Sin) + ¥ (C13)gan(Dirfsax)] +
)g[ii? (C12)5bn(DidSbn) + ? (C22)fon(D8;8jn) + I (C23)fon(Dixdfor)| Ddn +
DY (C13)fac(Diiac) + )J3 (Cas)fuc(Djblic) + z (C33)fuc(Drdtur)] Dén-

Introducing

BIS: = ZDiSan, (6.6.25)
1
BiS: = ED§;f5in, (6.6.26)
J
and Bi&n = 3DAufSax, (6.6.27)

and substituting into (6.6.24) gives

1The quantities within parentheses, for example Daiinn, can be written as Aap
after performing the matrix multiplication. In this form the product DajAamn
does not satisfy the rules of matrix multiplication. In matrix multiplication the
second index on D,; must equal the first index of Aaan. This involves
reorienting the indices of Da; by using the transpose. Hence the product should

be written as (Dja)'Aann, where the superscript t refers to the transpose.
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i)J;k ASanijx $%ix = (6.6.28)
E(Dfa)t[(cu)gmnBiﬁn + (C12)5anB3i&n + (C13)§mnBisn]+
E[(Cu)fanfﬁn + (C22)fonBifn + (C23)TonBla]Déa+
E[(Cla)fnchSc + (Ca3)fucBifc + (Css)facBiic|Dén.
This equation applys throughout a single element. Equation (6.6.7) summed

over all elements gives

E

Z %:k[Afmnijk = A anijic )ik = |

E
RS %;knimnijkﬁjk- (6.6.29)

This matrix expression for the unknown expansion coefficients &'fmn appears in
the standard form, Ax=B. These coefficients represent the velocity at the
nodes. We use this expression in a global node numbering system, where the
global nodes lying on faces shared between adjacent elements receive a single
label and contain a single value for each variable, though several elements may

contribute. The assembly process, referred to as ‘direct stiffness’, properly

accounts for the contributions from several elements.
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APPENDIX A
CO—ORDINATE TRANSFORMATION

A.1 Global and Local Co—ordinates

We decompose the given domain into arbitrarily shaped six-sided elements,
we then transform these elements from the global co-ordinate system which
applies to the entire domain to a local co-ordinate system within each deﬁent.
The elements in physical space transform into cubes in local space, with local co-
ordinates ranging between # 1. Since the physical eqﬁations apply in global
space, we must develop a method for representing spatial derivatives and
integrals in the local system. Specifically, we require a method to transfer from a
co-ordinate system (x;,x2,x3) to a system (£5,€2,£3)-

Assuming an expression such as

Xi= xi(€1,£2)§3) (All)

exists between the two co-ordinate systems, the total derivative of x; ai)pears as
o Oxige _ OXi 2.8} ax;
dx; = g dé; = ggdés + ggdds + ggdls (A.1.2)
Expressing this relation as a vector by letting dx' equal the vector with
components (dxifd¢;)d¢;, changes the total differentials into

dxt = 'g%[‘:dflel + gzx-;dﬁzez + -g%—;dfses, (A.1.3)
dx? = g}'ﬁdflel + gz"fdézez + %’d&ea, (A.1.4)
and dxt = -g’-é-:dflel + g’gd{zeg + g’z‘gdgae,. (A.1.5)

We require differentials in vector form since the various surface integrals
encountered in the analysis contain differential areas pointed in the surface
normal direction.

A.2 Transform Between Global and Local Co-ordinates

Equation (A.1.2) represents a valid procedure for transforming from the
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global co-ordinates (x,y,z) to the local co-ordinates (r,s,t). In matrix form this

dx Xr Xs Xt| [dr dr ‘
dy| = |yr ys y¢|[ds| = [J]|ds], (A.2.1)
dz zr Zg z¢] [dt dt

where the Jacobian, [J], equals

transformation equals

Xr Xg Xt
[ = [Yr ¥s y:}- (A.22)

Zy Zg Z¢
Subscripts refer to partial derivatives with respect to the local co-ordinates. The

inverse transform, whereby the local co-ordinates appear in terms of global ones,

equals
| = 1oy (.23
ds|{ = [J7']|dy|. A23
dt dz
The inverse of the Jacobian equals (A.2.4)
| ; 1 |YsBtYZs XtZs—XsZt XsYt—XtYs
B = gepgy|Trer ¥ite XeBeXidr XY X,
YrZs—YsZr XsZr—XrZs Xr¥s—XsYr.
which simplifies, upon introduction of (A.2.5)
X1 = YsZt—Yt2s, X2 = YtZr—YrZt, X3 = YrZs—¥sin
Y1 = XtZg—XsZt, Y2 = XrZt—XtZr, Y3 = XsZr—XrZs,
and 21 = XsYt—Xt¥s, 22 = Xt¥rXc¥t, 23 = Xr¥sXs¥rs
to
[J_I] 1 [x1 ¥i 21] (A 2.6)
' = a——m X2Yy222. L.
et X3 Y323
Substituting into the inverse transform results in
& & tigallhe (A.2.7)
= X2¥2 22 Yi, L.
dt et X3 ¥3 23] (dz

which represents a convenient method for computing total derivatives of local co-
ordinates as functions of global differentials. Partial derivatives of the local co-

ordinates occur when two of the global co-ordinates remain constant, or,
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equivalently, by setting one or more of the differential quantities dx, dy, or dz
equal to zero.
A.3 Volume Transformation
The variational form of the equations of motion contain volume integrals in
physical space; however, the expansion functions only apply in transform space.
Consequently, we require a transformation procedure for conversions between the
two systems.
If the vector dx' represents a differential length in the global system, a
differential volume equals
dV = dx!-({dx3xdx3). (A.3.1)
Using the previously derived expressions for the vectors dx! gives
dv = eijkg’g-;dgi g’ﬁdfj g’ﬁdgk, (A.3.2)
where €;jx equals the alternating unit tensor. Introducing the Jacobian gives
dv = det[J]d&1d€2dEs; (A.3.3)
where the determinant of the Jacobian depends on
det[TJag deadts = eidgh PF8 GERdEdE e
= g&‘-;%%gdgld&dg,. (A3.4)
We require
0< |detd]| <w (A.3.5)
for a proper transformation. With (A.3.3) we havea method for transforming
volume integrals between the global and local co-ordinate systems. This
transformation appears in the variational statement of the governing differential
equations, or whenever a volume integral in the global system appears.
A .4 Partial Derivatives

The governing differential equations require partial derivatives of the
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dependent variables in terms of the global co-ordinates. Since the global co-
ordinates depend on the local co-ordinates, and vice versa, partial derivatives
may appear as :
do _ dpdt | dpds 8ga_gt
gg_ 6;8 i 6988 i 6;6 ’ 4D

_ T s t

?}g- 8r0r+8sas+6t¢?t, (42

and =Rt et on (A.4.3)
The partial derivatives of local co-ordinates depend on (A.2.7). For example,

the partial derivative dr/dx equals

o & . 3311'11 X1 (A.4.4)

Using similar expressions for the other derivatives gives
do_ x1 0 X 0 xg @
ggg" Het|J[aﬂr + Het[]|gs + Hetl]lgt’ (A.4.5)
- 2 3
%g— HetiJlHar + Hetl]lgs + Het|J|aat’ (A.4.6)
N Z22 Z3
and = 'cl—[]]?zet £+ 'cl—[".l']'ﬂget £+ a—m-afet 2 (A.4.7)

Expressions such as these appear whenever we represent partial derivatives of the

depéndent variables in transform space.
A.5 Partial Derivatives Using Spectral Expansions

The approximation procedure expresses the dependent variables as a
truncated series of interpolating functions and coefficients. Therefore,
expressions such as (A.4.5), containing the dependent variable ¢, actually
contain a series of coefficients and functions which depend on the local co-
ordinates. Our method uses interpolating functions based on the Legendre
polynomials. For example, the one-diﬁxensional interpolation function of order n

for the dependent variable ¢ equals

Ly =k)§o<"pk¢rk(r). (A.5.1)

which contains the interpolating functions, {x(r), k=0,1,...,n}, and coefficients,
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?x. The derivative of ¢ with respect to the local variable r appears as

%~ d
Dop(r) = £ an(n)] (A52)
In the current formulation, we compute the derivatives at the nodes and not

between nodes. Evaluating the derivative at ra gives

Dop(ra) = jomnﬁ, (A.5.3)
where g;[q(;k(r)]msDak represents the derivative of the expansion function ¥x
with respect to the local co-ordinate r at node ra. Substituting similar
expressions for the other partial derivatives in (A.4.5) gives

(§0)2be = (gorypive B, PinDaiti(su)(te) (A5.4)
+ (aﬁzm Sbe iJEks”O?jkfﬁi(ra)Dbjtﬁk(tc) + (ae—fl"‘-n)ﬁbc i§k¢?jk¢i(ra)¢j(sb)Dck-
The superscript e represents the element number, while the subscripts abc
stand for the spatial node under consideration. Since the interpolating

polynomials satisfy %i(ra)=8a, the partial derivative expressions reduce to

) (G.5.5)
(gf)gbﬁ (geeta)ive § PioeDas + (goefypive B 98icDv; + (gariyp)ive § #EokDek
( g.bc= ( ! )zeibc E ¢?bcDai + ( 2 gbc E (f’gchbj + ( 3 )gbc ) @gkack:

Yy et i et j et k

(§0)5b0= (gortypSoc 3 PineDas + (gerfapioe 3 PicDvs + (gapfyp)ive § #EokDor
These equations represent the partial derivatives of the dependent variable, ¢,
at the nodal points. At this point we impose no restriction on the location of a
node within an element, i.e., the node may lie in the interior or on the surface of
an element. The next section computes derivatives along element faces by
applying (A.5.5) to nodes lying along the surface.
A.6 Derivatives Along Element Faces

The calculation of surface stresses requires derivatives along element faces.

The equations for derivatives at any node (a,b,c) simplify along the element
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surface since one of the indices remains fixed while the other two vary. This

results in a set of expressions for each of the six element faces:

d X p x -
(FD)801= (Fetfapiv: 3 PloDai + (gggfypivr I %Dy

+ (a'é:f]])ﬁbn 2 PEniDu, (A.6.1)
(50)801= (ggbiypSor 3 #ibiDas + (gghfap)io 3 Dy
+ (aé%fj] Sb1 £ PeokD

(3D)801= (gonfapios § PioDas + (giiapio: B Dy
+ (gatlgper J 98ouDi, along the side at t=—1;
d x - x -
(FDje= (Fetpliite ¥ PitcDai + (Feeqaphite ¥ PRicDit;
+ (a'—mefs Jaitc & PejuxDex (A.6.2)
d - -
(a'y‘?)gjtc= (aa{'h])gjtc T HjscDai + (aé%h'l)gjtc ¥ ¥&jcDjt;
+ (al[:l'[et3 )gjtc § rpﬁjtchk
d z - z -
(3“zq)§jtc= (a‘ert'h]')gjtczi: ¢?jthai + (a'eTf]]')gjtc ? ‘ngcDjtj
+ (aéh)sjtc§ #%juDex, along the side at s=1;
0Pve. . _ Xi ve ~ . X2 e ~e. .
(a‘f)abkt— (m)abktzi PioktDai + (ae—tm)abkt ? #5ixtDv;j
+ (a—mefz abke & PaoxDiuk (A.6.3)
a e .. — 1_\e -~ . 2_\e e .
(a'gg)abkt— (35%'-[7] &bkt ff PioxtDai + ('dé%[ll] Sbkt ? P5;5xtDv;j
+ (almet’ abkt & PaocDik |
(%zg)gbkt= (agf-h])gbkt Z PivxtDai + (agf-f]]')gbktjz P8jkeD;
+ (ﬁf—n &bkt § @EoxDiix, along the side t=1;
(gg)glc= (ae—fh] :euc);‘ #K1cDai + (a;%h} §1c§3 #5jcDyj
+ (a_me:tu d1c g PEDex (A.6.4)
i - -
('ag)glc= (aé%b',)glczi ‘Pgchai + (a@%fn)glc ? ‘ngchj
+ (ElJet[[J]s glc!k: “bglchk

(§D)81c= (gerigtic 3 PheDas + (gl 3 #EieDy
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+ H—[J]efs Jatc § ?enDek, along the side s=—1;
a 7 -
(a-g)?bc= (a_egtsll']]')?bc}l) ‘P?bcD i+ (agf‘f‘]]’)?bc ? ‘pijCDbj

+ (get iy oc ¥ PoiDec (A.6.5)
(gj}?)‘ibc= (ag%l‘-]])?bc ¥ PfocDn + (a-éﬁ-]-[)?bc % %f;cDv;
+ (ag%h])ibc L PioxDex

i z - z -
(FD)tbc= (getjapioc ¥ ¢$be 1i + (gegap Toe ¥ #icDo;
+ (ae—f-h})'ibc }kl ?ioxDck, along the side r=—1; and
(‘g‘g)gtbc= (ae—}tchI)?tbc 513 PvcDiei + (Héﬁ'll ?tbcjz PtjcDvj
+ (a'—mejtta )iebe T PiebiDex (A.6.6)
(89se= (ggigp)ive 3 PincDses + (gafyive 3 PhurcD
+ (al[J]eta Jiewe ¥ PhivxDex
(gf)?tbﬁ (a&h})?tbc § PivcDiti + (ae—ffjl)?tbcfji P5tjcDoj
+ (a-e—:-”m *eltbc}k) ?5txDek, along the side r=1.
A.7 Surface Integrals
Often surface integrals involving the differential area vector appear in
boundary conditions and computations of surface stresses inter alia. According
to (A.1.3) through (A.1.5), the transformation between global co-ordinates

(x,y,2) and local co-ordinates (r,s,t) equals

dx = %dre, + g—’;dses + -g%dtet, (A.7.1)
dy = %?%d.\'er + g%dses + g{dtet, (A.7.2)
and dz = 0z er + g%dses + g—fdtet. (A.7.3)

In the local co-ordinate system, the element surface depends on two of the three
local variables while the third remains fixed. For example, along side one co-
ordinates r and s vary, while co-ordinate t equals —1. Hence, the

transformation along side one appears as
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= g’?‘drer + g’;‘dses, (A.7.4)
| dy! = %drer + g%dses (A.7.5)
and dst = Pare, + Pdse,, (A.7.6)

where here the superscript refers to side one and not direction one as in (A.1.3).
After integrating these relations, expressions for the physical co-ordinates in

terms of the local co-ordinates along the surface appear:

xt = x(r,8), (A.7.7)
= y(1,5), (A.7.8)
and zt = 2(1,8). (A.7.9)

Let Ri=xley+yley+zle; represent a position vector describing the location of
any point along surface one. Substituting the previous expressions for the
physical co-ordinates into this position vector gives

R! = x(r,s)ex + y(1,5)ey + z(1,5)e.. (A.7.10)
A differential area vector in the normal direction to the surface corresponding to
a djfferential change in the local co-ordinates r and s equals

dAt = — (CR.Ry4rgs. (A.7.11)

The minus sign indicates that the area vector points in the local co-ordinate

direction — e;. We can write the two partial derivatives as

R R+ 1; Te, + SRLL,, (A.7.12)

and "’R = ORox, ROy, 4+ BRIz, (A.7.13)
Using (A.7.10) reduces these expressions to

g% = x8x + Yi€y + 2r€s, (A.7.14)

and -gls-t- = Xsex + ¥sy + zs€s. (A.7.15)

Substituting these expressions into dA! and taking the cross-product gives

dAl= - [(yrzs - Zrys)ex + (zrxs - erS)ey +

74



(xrys — yrXs)e;]drds, (A.7.16)
or, using the simplified notation of (A.2.5)

dA! = — (xsex + ysey + z3e;)drds. (A.7.17)
Similar expressions for sides two through six equal

dA? = (xsex + y2€y + 22€;)drdt, (A.7.18)

dA3 = (xsex + ysey + z3e;)drds, (A.7.19)

dA4 = —(xsex + Y&y + 22€;)drdt, (A.7.20)

dAS = —(xsex + yiey + z1€;)dsdt, (A.7.21)
and dAt = (xsex + yiey + zi€;)dsdt. (A.7.22)

Expressions such as these will appear whenever we compute surface integrals.
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APPENDIX B

SURFACE FORCE AND MOMENT CALCULATION
B.1 Background

Fluid flowing past solid boundaries develops surface stresses which lead to

surface forces and moments after integration over the surface area. The elements
located adjacent to these surfaces contain flow-field information necessary for
surface stress calculations Let dA equal a differential area on the element
surface with unit normal vector . Let the force per unit area due to the fluid
stresses on this surface equal t(n). Then, the total force on a finite surface, o0,

results from integrating the contributions from all the differential elements:
F= [[ t(n)dA. (B.1.1)
0
Similarly, the total moment about a given point due to the surface forces equals
M= x=t(n)dA, (B.1.2)
Ja
where x represents the distance between the surface element and the point

about which the moment is taken. Let oj; denote the itt component of t(j),

and let t(n); denote the itt component of t(m). Whence

t(n); = ojibj, (B.1.3)
where the stress tensor equals
01012013
g=| 021022 a3l - (B.1.4)
031 032 033

Since t(n) represents a vector and n represents a unit vector independent of
the oji, We require _

t(n) = n-0. (B.1.5)
This equation represents the force per unit area due to fluid stresses on a surface

with unit normal vector n. When this expression replaces t(n) in the force and
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moment integrals, terms such as n-odA and xx(n-g)dA arise. Since dA
represents a scalar, we may write these expressions as ndA-g and x=(ndA-o).
We developed expressions for ndA=dA along each of the six element faces in
appendix A. We still need, however, an expression for the stress tensor.
B.2 Incompressible Stress Tensor

In Cartesian co-ordinates the diagonal components of the incompressible

flow stress tensor equal

Oxx =—Pp+ 2#‘3'“,'(‘: oyy=—P+ 2#(%’
and Or = —p + WY, (B.2.1)
while the off diagonal terms equal
Oxy = Oyx = #(% + %"; ) (B.2.2)
Oxz = Ozx = [lv(g% + g,%), (B.2.3)
_ O Ow
and Oyz = Ozy = “(a‘z‘ + 'a'i)- (B.24)

B.3 Surface Force

~ Asindicated in §B.1, the force over a surface dQ due to the fluid stresses

equals
F= fj:m t(n)dA = fj:an n-odA. (B.3.1)
The components of the force in the global (x,y,z) system equal
Fx = f j:? Q(annx + OyxDy + OzzDz)dA, (B.3.2)
Fy= fj;n("xynx + oyyny + Ozynz)dA, (B.3.3)
and F,= f_/;m(axznx + Oyglly + Ozznz)dA. (B.3.4)

Since nydA, nydA, and n,dA represent the projection of dA onto the planes
perpendicular to the global co-ordinate axes, we may write nydA=ex-dA,

nydA=ey-dA and n;dA=e,-dA. Substituting these expressions into the force
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components gives

Fx= ] fa Q(anex + Oyxy + 0uze;)-dA, (B.3.5)
Fy = f faﬂ(axyex + oyyey + Ogye;)-dA, (B.3.6)
and - F,= fj;ﬂ(axzex + oyzey + 0zs€s)-dA. (B.3.7)
The forces along side one, where dAl= — (x3ex+ysey+zse;)drds, equal
Fel=— fj; Q(lanxs + Oyxys + Osxz3)drds. (B.3.8)
Fyl=— fj;n(laxyxa + Oyy¥3 + Ozyz3)drds, (B.3.9)
and Fpl=— ffaﬂ(laxzxa + 0yzy3 + 0z223)drds. (B.3.10)

On the local level, the surface of integration reduces to a square with sides
ranging between :1. Using the spectral collocation approximation allows an
expression for the force Fy! as
Fyle= _)igj f_:f_:(anxg + oyxys +
0zx23)$j1%i(r) ¥j(s)drds, (B.3.11)
where the expression (...)§j; indicates that the terms within the parentheses

depend on the local node jj; -of element e. Integrating over the element surface

gives

Fyl® = _§j (oxxX3 + Oyx¥s + 02x23)5j1WiWj. | (B.3.12)
In a similar manner, the y and z components appear as

Fytt= —Ii:j (oxyxs + OyyYs + 0zy23)5j1WiW;j (B.3.13)
and F,t°= —fi?j (0x2X3 + Oyzy3 + 02223)5j1WiWj. (B.3.14)

The forces on faces two through six equal
Fy2® = ZiPk (0xxX2 + Oyx¥2 + 02x22)5jtkWiWk,
Fyi’,e = Ei;k (a'xyx2 + Oyyy2 + Uzyz2)$jtkwiwk1

and F 2t = !ilk (0xzX2 + Oyz¥2 + 02222)§jtkWiWk, (B.3.15)
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on face two, where dA=(xqex+yzey+2z7e;)drdt;

Fy3¢ = §j (0xxX3 + Oyx¥3 + Ozx23)§jkeWiW;,

Fy3¢ = )i3j (oxyXs + Oyy¥s + Ory23)ijkiWiWi,
and F,3¢ = % (0x2X3 + Oyz¥s + 02aZ3)§jkeWiWj,
on face three, where dA=(xsex+ysey+zse;)drds;

Feto= I (0xxX2 + Oyx¥2 + OaxZ2)ikWiWk,

Fytt= % (0xyX2 + Oyy¥2 + Oey22)S Wik,
and Fp 4 = )i"ak (0xzX2 + Oyz¥2 + Ozz22)InWiWK,
on face four, where dA= — (xsex+ysey+2z2€;)drdt;

Fy5® = ?k (oxxX1 + Oyx¥1 + 02x21)TjkWjWK,

Fys¢ = ?k (oxyX1 + oyyy1 + O2y21) (ikWi Wk,
and F,5¢ = )Ek (0x2X1 + Oy2¥1 + 02221) §jkWj Wi,
on face five, where dA= — (xex+yiey+ziez)dsdt; and

Fyt® = ?j;k (Uxxxl + oyxy1 + szzl)?tjkijka

Fy6¢ = ‘fk (oxyX1 + Oyy¥1 + OzyZ1) hijkWiWi,

and F, 8¢ = ?k (0xaX1 + Oyz¥1 + O22Z1)§tjkWiWi,

(B.3.16)

(B.3.17)

(B.3.18)

(B.3.19)

on face six, where dA=(x;ex+yiey+ze;)dsdt. Note that when any of the

subscripts ijk equals 1, we refer to the node at the face corresponding to rst

equal to —1, and when any of the ijk equals it, jt, or kt, we refer to the

node at the face corresponding to rst equal to 1. Also, the basis functions

integrated over the local co—ordinate domain, w;s f it[:i(r)dr, Wiz f ivﬁj(s)ds,

and wis f :¢i(t)dt, differ when the number of nodes in the r,s, or t

directions differ; consequently, we must remember that w; refers to the r-

direction, w; refers to the s-direction, and wy refers to the t-direction.

B.4 Surface Moment
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The moment along a surface due to the fluid stresses appears as
M= j; L Xne da, (1;.4.1)
where the moment "arm" equals x=)x€x+Xyey+Xxz€z. Substituting into (B.4.1)
and performing the cross product yields the moment components in the global co-
ordinates as (B.4.2)
M; = fj; Q[Xy(axznx + Oyaly + 0zaMz) — Xz(0xyDx + Oyyhy + ozynz)]dA,

My = ffm[xz( Oxxlx + Oyxly + sznz) - xx(a'xznx + Oy.0ly + azznz)]dA,
M= fj‘;Q[Xx(nynx + Oyyhy + azynz) - Xy(axxnx + oyxDy + sznz)]dA-

Using the same notation as in the surface force calculation gives

Mx = fj‘aQ[XY(szex + OyzCy + Uzzea) - XZ(nyex + Oyy€y + Uzy%)]‘dA,
4My = fj;ﬂ[XZ(Uxxex + Oyx€y + O'zxez) - xx(auex + oyzey + Uzzez)]°dA,

M, = f j; Q[)(x( Oxyex + Oyyey + 02y€;) — Xy Oxx€x + Oyxey + 02x€;)]-dA.
(B.4.3)
For example, the x-component evaluated along side one, where
dA=—{x3ex+ysey+z;se;)drds, equals
My = "f_ :f_ :[Xy(axzxii + Oyz¥3s + 02223) — Xz(0xyXs + Oyy¥s + 0zy23)]°drds.
Introducing the spectral expansion functions gives
M, 1= _% f : f ![xy(0xsxs + 0y2¥s (B.4.4)
+ 02223) — X2(0xyX3 + Oyyys + 0zy23)]8j1%i(1) ¥;(s)drds.
After integration we obtain
M= —Ziij [xy(ox2xs + Oyzy3 + 02223)
— Xxz(OxyX3 + Oyyy3 + 0zy23)]§j1Wiw;. (B.4.5)

In a similar manner, the y and z components appear as
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M, = -)i:j [x2(0xxX3 + Oyx¥s + 0zx23) — Xx(0xsXs + y2¥s + 02223)]§j1WiwWj,

M, = —Ii:j [xx(0xyX3s + Oyyys + 0zy23) — Xy(0xxX3 + Oyxys + 02x23)]$51WiWj.
The moments along faces two through six equal

My28 = !ilk [xy(0xax2 + Oyzy2 + 0z222) — xz(0xyX2 + Oyy¥2 + Ozy22)] 35tk Wiwk,

My = !ilk [x2(OxxX2 + Oyx¥2 + Oux#2) — Xx(0xeX2 + Oyzy2 + 02222)]$jtkWiWk,

M, = %k [xx(0xyX2 + Oyy¥2 + Ozyz2) — Xy(0xxX2 + Oyxy2 + Oax22)]§jtkWiWio

along face two, where dA=(x;ex+yzey+2z2€;)drdt; (B.4.6)

M,3¢ = zij [Xy(axzx:i + Oyzy3 + azzz;;) - xz(axyx; + oOyyys + Uzyz3)]?jktwiwj)
M, %€ = }ilj [xz(0xxX3 + Oyx¥3s + 0zx23) — Xx(0xzX3 + Oyzys + 02223) ikt WiV,

Ms* = L. [xx(0xyXs + Oyyys + Ozyz3) — Xy(0xxX3 + Oyx¥s + 02x23)]§juewWiwi,
along face three, where dA=(xsex+ysey+2se;)drds; (B.4.7)

-2 [xy(OxsX2 + Oyz¥2 + Ozs22) — Xo(OxyX2 + Oyy¥2 + Ozy22)|inWivwy,

Mx4e =

My4e = —§k [xz(axxx2 + OyxY2 4 szzg) - Xx(UxJZ + Oya2Y 2 + UZZZQ)]?lkwiwk)

M,t¢ = _2i:k [xx(oxyx2 + Oyyy2 + Ozy22) — Xy(0xxX2 + oyxy2 + 02x22) S 1k WiWK,
(B.4.8)

along face four, where dA= — (xzex+y2ey+2z2e;)drdt;

—JSk [xy(OxeX1 + Oyz¥1 + 02221) — Xz(OxyX1 + Oyy¥1 + 02y21)] §jkWiWk,

ste =

NIy‘se = _?k [Xz(axxxl + oyxy1 + o'zle) - Xx(a'xle + Oyz¥y1 + Uzzzl)]ijkijky

M5 = —JEk [xx(0xyX1 + Oyy¥1 + Oayz1) — Xy(OxxX1 + Oyx¥1 + 0ax2)] fjxWi Wi,
(B.4.9)

along face five, where dA=— (x1ex+yiey+zez)dsdt;
M8 = ?k [xy(0xzX1 + Oya¥1 + Ozaz1) — X OxyX1 + Oyy¥1 + Ozy21)] TtjkW;Wi,
Myte = ?k [Xa(OxxX1 + Oyx¥1 + Oaxzs) — Xx(OxaX1 + OyaY1 + 02221)]ejkWi Wi,
M,8¢ = ?k [xx(0xyX1 + Oyy¥1+ Ozy21) — Xy(0xxX1 + Oyxy1 + 02xZ1)] §tjkWi WK,

along face six, where dA=(xey+yey+2z€;)dsdt. (B.4.10)
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APPENDIX C
IMPERMEABLE WALL BOUNDARY CONDITIONS
C.1 Physical Basis
Along an impermeable wall the normal fluid velocity must equal the normal
component of the wall velocity, while the tangential velocity may vary. We
express this as
n-V=mn-Vgan. (€.1.1)
Another condition on impermeable wall boundaries requires zero tangential
stress, or, equivalently, that the stress points normal to the surface. In other
words, the cross product of the surface unit normal and the local stress vector
equals zero. Thus, an impermeable wall, unlike a solid wall, cannot support a
tangential stress. In symbolic form this boundary condition equals
nx(g-n) = 0, (C.1.2)
where n represents the surface outward unit normal vector, and ¢ represents
the total stress tensor consisting of the sum of the isotropic and deviatoric terms.
We must prove that the combination of these two boundary conditions equals the
single condition given by
(n-V)V=0. (C.2.1)
The derivation of this relation follows.
C.2 Mathematical Derivation
Begin by expressing the unit normal as
n = Dxey + Ny€y + Nz€; (C.2.2)
and the velocity as
V = Uex + Vey + We,. (C.2.3)

The inner product n-V gives

82



n-V = Unyg + Vny + Wn,. (C.2.4)
Setting this equal to the normal velocity of the boundary gives
Uny + Voy + Wng = -Vygall. (C.2.5)
The stress vector on a surface with normal, n, equals t(n) which appears as
tn)=o-n= (C.2.6)
(0xxDx + Oyxly + OzxDz)ex +
(oxyhx + Oyyhy + gzyns)ey +
(oxeDx + Oyzhy + OzzDz)€s
according to appendix B. The cross product of this relation with the unit normal
equals
nxt(n) = mxg-n = (C.2.7)
[ny(oxonx + Oyzdy + OzzDz) - nz(0xyx + Oyyly + OzyDg)lex +
[D2(0xxDx + Oyxlly + Ozsllz) — Dx(0xzDx + Oyzby + Ozzhiz)ley +
[Dx(0xynx + Oyylly + Ozyhs) — Dy(0Oxilix + Oyxy + Ozxlls)]es.
Usiﬁg (B.2.1) through (B.2.4) for the stress components gives the following

relations for the three components of the above expression:

(nxg-n)x = #nxny(gl‘zj‘*“g‘—,y') + ﬂ-nyny(g%,"‘%) + unzny(%g -p)—
mns( G+ 3Y) - iy (2%~ p) - mans(FLAGED,  (C28)

(nxg-n)y = pmems(250-p) + myna Gt T0) + immel TTHG3)

m:nx(g%%va) - ;mynx(g’%ﬁ%%) - ;m,,nx@%% -p),  (C.29)

(nxg-n), = ﬁmxnx(gl—;‘Fg}{') + [myn,(2§¥— p) + ‘m,fnx(.g!yv_{-%\z_,) -

unxny(2g% —-p)— unyny(g%g%) - ;mzny(%% (C.2.10)

The pressure terms cancel in each of these expressions giving

W W oW
(nxg-m)x = l‘-nxnxr'(g'[zl + %;) + Il-nyny(g's,‘ + 'g}z,‘) + pmany(25- — 25}},,‘) -
;mxnz(-g% + g¥ - unznz(-g—‘z{ + -gg), (C.2.11)
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(nxg-n)y = ;mxnz(2§¥- - 2?;“;—") + unyn.z(glyJ + §¥) + unznz(% + g% -

un,nx(g% + -g‘;—v) - ;myn,(g"Tv + -g-\zi), (C.2.12)
(nxg-n), = ;mxnx(gg + -g‘;/) + [mynx(2g¥- - 2%2-) + unz_nx(% + g% -
Myny(g% + 3‘;’) - mzny(%‘,—’ + S% - (C.2.13)

After further rearrangement we obtain

(1xg-n)x = ~smalncgy + Byfy + negy)) + imnagy + sy + ngy)

+ ;t(n,[-gl-t + nygi + nz-g;)(nyw -n,V), (C.2.14)
(nxg-n)y = —;mx(nxgg + nyg% + nzg_VzY_) + Mz(nx-g% + nyg‘é + nz-gzxv-)
+ plogd + n,-g; + 0,0)(0.U — W), (C.2.15)
au av aw il¥] av aw
(nxg-n); = —my(neg + nygr + mg) + Imx(nxyy oyt nz‘a'}-)
+ p(nrg—x- + nrgi + nzg;)(nxv —nyU). (C.2.16)

The partial derivatives of the unit normal vector with respect to the spatial co-
ordinates differ from zero on a curved surface. Hence, we cannot interchange the
derivative operator in the first two terms of each expression with the components
of the normal vector (e-g., nréa%n%rn% # %(n,U + nyV + n,W)).
However, the derivative may move outside the components of the normal vector
if we only consider surfaces with zero curvature. When we restrict ourselves to
this case, the above relations may appear as

(nxg-m)x = -;;ang-i(nxU + nyV + n. W) + Ing;(nxU + nyV + n,W)

+ u.(nxgj—( + ny—% + nz-gi)(nyw —ngV), (C.2.17)
(nxg-n)y = -—;mfgi(nxU + nyV + 0, W) + [m,-g;(nxU + nyV + n,W)

+ e + n,%, + 0.0)(0,U — 0,W), (C.2.18)
(nxg-m), = —;my‘?&(nxU + nyV + n,W) + unrgi(nxU + nyV + n,W)

+ u(n,-g)—: + ny-gi + nzg-z-)(n,V —nyU). (C.2.19)

Introducing n-V=n,U+nyV+n,W and n-V=n,§’—{+ny—zry;+nz§E into these
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expressions yields

(nxg-m)y = u(nrgz——nzg-i)n-v + un-¥(nyW-n.V), (C.2.20)
(nxg-m)y = —p(n,—gz—nz-g)—c)n-v + ym-¥(n,U-n,W), (C.2.21)
(nxo-0), = -p(n,%(—n,%)n.v +m-V(agV-0yU).  (C.2.22)

After introducing the cross product, the three components of (nxg-n) reduce to
a single vector expression given by
(nxg-n) = p{(nxV)n-V + (n-¥)nxV]. (C.2.23)

This equation also appears as

(nxg-n) = pmx[V(n-V) + (n-V)V]. (C.2.24)
Introducing n-V=n-Vgan gives
(nxg-n) = pnx[V(n-Vyan) + (0-7)V]. (C.2.25)

For a general curved boundary moving with velocity Vwall, the quantity
V(n-Vgan), does not equal zero. However, since we are limiting our
consideration to flat boundaries, this term does equal zero. In this case the

boundary condition reduces to

(nxg-n) = pnx{(n-V)V]. (C.2.26)
Since the original boundary condition, nxg-n, equals zero, we require
pmx[(n-¥)V] = p(n-V)(nxV) = 0. (C.2.27)

This equation is satisfied when the unit normal lies parallel to the velocity vector
giving nxV=0. This seems like a most unusuﬂ condition and we assume that it
does not hold for most boundaries. The other possibility requires

(n-V)V =0, (C.2.28)
and represents the desired form of the boundary conditions given in §C.1. This
proves that the two impermeable wall boundary conditions reduce to

homogeneous natural conditions when we enforce (1) zero surface curvature to
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ensure V(m-Vyga11)=0, and (2) a surface with unit normal not parallel to the

local velocity.
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